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Preface

The goal of this monograph is to present an introduction to a sampling of ideas and
methods from the subject of nonlinear dispersive equations. This subject has been
of great interest and has rapidly developed in the last few years. Here we will try to
expose some aspects of the recent developments.

The presentation is intended to be self-contained, but we will assume that the
reader has knowledge of the material usually taught in courses of theory of one
complex variable and integration theory.

This monograph is the product of lecture notes used for mini-courses and gradu-
ate courses taught by the authors. The first version of the lecture notes were written
by Gustavo Ponce with Wilfredo Urbina from the Universidad Central de Venezuela
and designed to teach a mini-course at the Venezuelan School of Mathematics in
Meérida, Venezuela, in 1990. A second version of those notes was presented by Gus-
tavo Ponce at the Colombian School of Mathematics in Cali, Colombia in 1991.
These notes comprise a part of the materials covered in the first six chapters of the
present monograph. Most of the original notes were used to teach various graduate
courses at IMPA and UNICAMP by Felipe Linares. During these lectures the pre-
vious versions were complemented with some new materials presented here. These
notes were also used by Hebe Biagioni and Marcia Scialom from UNICAMP in
their seminars and graduate courses. The idea to write the present monograph arose
from the need for a more complete treatment of these topics for graduate students.

Before going any further we would like first to give a notion of what a partial
differential equation of dispersive type is. We will do this in the one-dimensional
frame. We consider a linear partial differential equation

F(0y, 9 )u(x,t) =0, (0.1)

where F is a polynomial in the partial derivatives. We look for plane wave solutions
of the form u(x,1) = A e/~ ") where A, k, and @ are constants representing the am-
plitude, the wavenumber, and the frequency, respectively. Hence u will be a solution
if and only if

F(ik,—iw) =0. 0.2)
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This equation is called the dispersion relation. This relation characterizes the plane
wave motion. In several models we can write @ as a real function of k, namely,

o = o(k).
The phase and group velocities of the waves are defined by

d
cplk) = @ and Cg= d—(;j

The waves are called dispersive if the group velocity ¢, = @’(k) is not constant, i.e.,
" (k) # 0. In the physical context this means that when time evolves the different
waves disperse in the medium, with the result that a single hump breaks into wave-
trains.

To present the material we have chosen to study two very well known models in
the class of nonlinear dispersive equations: the Korteweg—de Vries equation

8,v—|—ax3v+v8xv =0, 0.3)
where v is a real-valued function and the nonlinear Schrodinger equation
idu+ Au= f(u,i), (0.4)

where u is a complex-valued function.

Before commenting on the theory presented in this monograph regarding these
equations we would like to say few words concerning the physical models described
by these equations in the context of water waves.

The first model (0.3) goes back to the discovery of Scott Russell in 1835 of what
he called a traveling wave. This equation describes the propagation of waves in shal-
low water and was proposed by Diederik Johannes Korteweg and Gustav de Vries
in 1895 [KdV]. In the one-dimensional context the (cubic) nonlinear Schrédinger
equation (0.4) with f(u, it) = |u|>u models the propagation of wave packets in the
theory of water waves.

We also have to mention that there is a very well known strong relationship be-
tween these two equations and the theory of completely integrable systems, or Soli-
ton theory.

In many cases, we present the details of simple proof, which may not be that of
the strongest result. We give several examples to illustrate the theory. At the end of
every chapter we complement the theory described either with a set of exercises or
with a section with comments on open problems, extensions, and recent develop-
ments.

The first three chapters attempt to review several topics in Fourier analysis and
partial differential equations. These are the elementary tools needed to develop the
theory in the rest of the notes.

The properties of solutions to the linear problem associated to the Schrédinger
equation are discussed in Chapter 4. Then the initial value problem associated to
(0.4) and properties of its solutions are studied in Chapters 5 and 6. Chapters 7 and



Preface vii

8 are devoted to the study of the initial value problem for the generalized Korteweg—
de Vries equation. A survey of results concerning several nonlinear dispersive equa-
tions that generalize (0.3) and (0.4) as Davey—Stewartson systems, Ishimori equa-
tions, Kadomtsev—Petviashvili equations, Benjamin—Ono equations, and Zakharov
systems is presented in Chapter 9. In the last chapter we present the most recent
result regarding local well-posedness for the nonlinear Schrédinger equation.

We shall point out that by no means our presentation is completely exhaustive.
We refer the reader to the lecture notes by Cazenave [Cz1], [Cz2] and the books
by Sulem and Sulem [SS2], Bourgain [Bo2], and Tao [To7]. In these works many
topics not covered in these notes are studied in detail.

Acknowledgments. The authors are indebted to several friends that made possi-
ble this project. We would like to thank to Carlos Kenig, who allowed us to use part
of his lecture notes regarding the material in Chapter 10; to Luis Vega for useful
comments and suggestions; to Rafael I6rio and Carlos Isnard who are great support-
ers of the idea of having graduate courses at IMPA in the topics discussed here and
the writing of notes concerning; to Hebe Biagioni, Marcia Scialom and Jaime An-
gulo to give us some feedback in the former lecture notes. We also thank to Daniela
Bekiranov, Mahendra Panthee, Aniura Milanes, Wee Keong Lim, German Fonseca,
Didier Pilod, Aida Gonzalez, José Jiménez and Luiz Farah for reading the most part
of the manuscript and for giving us many corrections and useful comments. The
first author is grateful to the Mathematics Department of University of California
at Santa Barbara for the support to accomplish this project. The second author was
supported by a NSF grant.

Felipe Linares
Gustavo Ponce

Rio de Janeiro and Santa Barbara
June 2008
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Chapter 1
The Fourier Transform

In this chapter we shall study some basic properties of the Fourier transform. Section
1.1 is concerned with its definition and properties in L'(R"). The case L?*(R")
will be treated in Section 1.2. The space of tempered distributions will be briefly
considered in Section 1.3. Finally, in the last two sections we give an introduction
to the study of oscillatory integrals in one dimension and some applications.

1.1 The Fourier Transform in L' (R")

Definition 1.1. The Fourier transform of a function f € L'(R"), denoted by £, is
defined as

7&) = [ fe > ax, for £ e R, (L.1)
Rn

where (x-&) =x1& + -+ +x,8,.

We list some basic properties of the Fourier transform in L' (R").
Theorem 1.1. Let f € L'(R"). Then:
1. f f defines a linear transformation from LY (R") into L=(R") with

£l < I1£111- (1.2)

-~

2.  is continuous.
3. f(§) — 0 as |&| — oo (Riemann—Lebesgue).
4.

If 1,f(x) = f(x—h) denotes the translation by h € R", then
(T )(E) = e MO f(E), (13)
F. Linares, G. Ponce, Introduction to Nonlinear Dispersive Equations, 1
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2 1 The Fourier Transform
and . R
(e72mCh) £)(&) = (T-nf )(E). (1.4)
S5.1f 8,f(x) = f(ax) denotes a dilation by a > 0, then
(Euf)(E)=a"F(a™'E). (15)

6. Let g € L'(R") and f % g be the convolution of f and g. Then

(f#£)(&) = F(5)8(&)- (1.6)
7. Let g € L'(R"). Then

/ F)gly)dy = / F()8)dy. (1.7)
Rn Rn

Notice that the equality in (1.2) holds for f>0,i.e., £(0)=|f = |Iflli-
Proof. 1t is left as an exercise. O

Next we give some examples to illustrate the properties stated in Theorem 1.1.

Example 1.1. Let n=1 and f(x) = ¥(p)(x) (the characteristic function of the
interval (a,b)). Then

b
7&)= [ e ax

672751'!;5 _ gf2m'a§
2mié
_ _rilarbe Sin(m(@—b)S)
& '

Notice that f ¢ L'(R) and that f(&) has an analytic extension f(& +in) to the
whole plane & +in € C. In particular, if (a,b) = (—k,k), k € Z*, we have

Twn®) = 2

Example 1.2. Letn =1 and for k € Z define

kt1+x, if xe(—k—1,—k+1]
2, if xe(—k+1,k—1)
k+1—x, if xelk—1,k+1)
0, if x¢ (—k—1,k+1),

gk(x) =
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ie., gk(x) = X(-1,1) * X(—kx) (x). The identity (1.6) and the previous example show

that in(28) sin(2kE)
- sin(27&) sin(27x
gk(g) = (71'(:)2 :

Notice that g € L'(R) and has an analytic extension to the whole plane C.

Example 1.3. Let n>1 and f(x) = e~4m 1 with t > 0. Then changing variables
x— x/+/t and using (1.5), we can restrict ourselves to the case ¢ = 1. Using Fubini’s
theorem we write

n

2,2 e
(—4m j—27r1§_,x./)dxj

/ AT 2w ) gy .

Rn

~.
Il
-

=

8(747:2,@72m.5jxj+5f/4)675_,2/4 dx;

5‘3\8 2‘3\8

Il
—_

J

e—g}/4/67(znxj+i§j/z)2 dx;

—o0

n

=1

o2 lER

.

where in the last identity we have used the following identities from complex inte-
gration and calculus,

/ef(Zﬂeri::/Z)zdx: /ef(Zn'x)zdx: /efxzﬂz 1 )

—oo —o0

Hence
87\5\2/41

Gy (1.8)

e IR (&) =

Observe that taking ¢ = 1 /47 and changing variables t — 1/167%t we get

—

e*‘x|2/4t

(4me)n/? )= e 4w,

e*"/\T\z(é) —e ™7 and

respectively.

Example 1.4. Let n>1 and f(x) = e 2"X Then

R F[(n+1)] 1

See Exercise 1.1(1).
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1
Example 1.5. Let n=1 and f(x) = 211l Using complex integration one ob-
X
tains the identity

/de:ﬂ —ab g b > 0.

x2 4+ b2 »¢
Hence
1T 1 [ e 2mind
- R
7r1+x2(§) T 1+x2 o

—o0

:l/gﬂ%@ﬂwszﬂ
. 1+4x2

—o0

One of the most important features of the Fourier transform is its relationship
with differentiation. This is described in the following results.

Proposition 1.1. Suppose x; f € L'(R"), where x; denotes the kth coordinate of
x. Then f is differentiable with respect to & and

aF
7%

In other words, the Fourier transform of the product x; f(x) is equal to a multiple

o~

of the partial derivative of f(&) with respect to the kth variable.
To consider the converse result we need to introduce a definition.

(&) = (—27ix.f (x)) () (1.9)

Definition 1.2. A function f € L”(R") is differentiable in LP(R") with respect to
the k-th variable if there exists g € L”(R") such that

2O IO o a0 as no,
Rn

where e; has kth coordinate equals 1 and O in the others. If such a function g exists
(in this case it is unique) it is called the partial derivative of f with respect to the
kth variable in the LP-norm.

Theorem 1.2. Let f € L'(R") and g be its partial derivative with respect to the
kth variable in the L'-norm. Then g(&) = 2mi& f(&).

Proof. Properties (1.2) and (1.4) in Theorem 1.1 allow us to write

=R _ e—2m’h(§ -ex)
a6 -fo )

then take & — 0 to obtain the result. O
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From the previous results it is easy to obtain the formulae

~

P(D)f(&) = (P(=2mix) f(x))" (). .10

(P(D)f)(§) = P(2mi&) f(S),

where P is a polynomial in n variables and P(D) denotes the differential operator
associated to P.
__Now we turn our attention to the following question: Given the Fourier transform
f of afunction in L'(R"), how can one recover f ?
Examples 1.3—1.5 suggest the use of the formula

1) = [ Feyeedde.
R”

o~

Unfortunately, f(£) may be nonintegrable (see Example 1.1). To avoid this prob-
lem one needs to use the so called “method of summability” (Abel and Gauss) sim-
ilar to those used in the study of Fourier series. Combining the idea behind the
Gauss summation method and the identities (1.4), (1.7), (1.8) we obtain the follow-
ing equalities:

~|- /4 ~|r—y /4t
F) =lim £ p) =lim [ € )y

— 0 (dmey2 J Ty
; o b/
=lim / ) 4m)n/2f(y)dy
Rll
=lim [ (2mle)e 4w ) (y) £(y)dy
11—
R’l

~

=lim [ A0TSR f(g)ag,
RYI

where the limit is taken in the L'-norm.
Thus, if f and f are both integrable the Lebesgue dominated convergence the-

orem guarantees the pointwise equality. Also if f € L'(R") is continuous at the
point xyp we get
. e7H2/4t . i 4 2 2~
Floo) =lim £ fxg) = lim [ PSR f g yag
t—0

mS
t—0 (4mr) P,

Collecting this information we get the following result.

Proposition 1.2. Let f € L' (R"). Then
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F) =lim [ @HDe L f(g)ag,
Rn

where the limit is taken in the L'-norm. Moreover, if f is continuous at the point
Xo then the following pointwise equality holds

Floo) =limy [ eI F(E)ae.

Rn
Let f, fe L' (R"). Then
flx)= /ezm(x'&)f(é)dé, almost everywhere x € R".
Rn
From this result and Theorem 1.1 we can conclude that
A @ LYR") — Co(R™)

is a linear, one-to-one, bounded map. However it is not surjective (Exercise 1.6).

1.2 The Fourier Transform in L?(R")

To define the Fourier transform in L?(R") we first shall use that L'(R") N L*(R")
is a dense subset of L'(R") and L?(R").

Theorem 1.3 (Plancherel). Let f € L'(R") NL2(R"). Then f € L*(R") and

1112 = [1£1l2- (1.11)

Proof. Let g(x) = f(—x). Using Young’s inequality (1.39), (1.6), and Exercise 1.7
(i1), it follows that

frg € LR NCa(RY) and (f+g)(&) = F(E)E(E).

—_— o — —

Since g=(f) wefind that (f*g) =|f|*>0.Hence (f*g) € L' (R") (see Exercise
1.7 (iii)). Proposition 1.2 shows that

(£+8)(0) = [ (Fra)(E)dE.

Rl‘l

and
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||f||%=/@(é)dé = (F+8)(0)

—/f §(0-x)dr= [ fx)7(x)dx = I£13
2
O

This result shows that the Fourier transform defines a linear bounded operator
from L'(R")NL*(R") into L?(R"). Indeed, this operator is an isometry. Thus,
there is a unique bounded extension .% defined in all LZ(R”). Z s called the
Fourier transform in LZ(]R”) We shall use the notation f =.Z(f) for f € L? (R”)
In general, this definition f is realized as a limit in L2 of the sequence {h },
where {h;} denotes any sequence in L!'(R")NL*(R") that converges to f in the
L?-norm. It is convenient to take hj equals f for |x| < j and to have / vanishing

for |x| > j. Then,
/ f 7271’!)6 dx-/h 727‘” dx

[x[<j
and so

hi(€) — f(&) inL*as j— oo

Example 1.6. Letn =1 and f(x) = — (R)\ L' (R). Dif-
ferentiating the identity in the Example 1.5 with respect to a and taking b = 1 we

get
/°° xsin(ax) o ea aso,
e 14x2

which combined with the previous remark gives

7(&) = —isgn(g)e 28l

A surjective isometry defines a “unitary operator.” Theorem 1.3 affirms that .%#
is an isometry. Let us see that .# is also surjective.

Theorem 1.4. The Fourier transform defines a unitary operator in L*(R").

Proof. From the identity (1.11) it follows that .% is an isometry. In particular, its
image is a closed subspace of L?(R"). Assume that this is a proper subspace of L?.
Then there exists g # 0 such that

_/f(y)g(y)dy =0, forany feL*(R").
Rﬂ

Using formula (1.7) (Theorem 1.1), which obviously extends to f,g € L*>(R"), we
have that
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/f y)dy = /f y)dy =0, for any fel’

Therefore g(£) =0 almost everywhere, which contradicts

llgll2 = llgll2 # 0.
O

Theorem 1.5. The inverse of the Fourier transform F~' can be defined by the

formula
971f(x)=9f(—x), for any feLz(R"). (1.12)

o~

Proof. .F~'f = f is the limit in the L?-norm of the sequence

fiw) = [ FEemende.

&<

First, we consider the case where f € L'(R") N L*(R"). It suffices to verify this
agrees with .#* f, where . * is the adjoint operator of .7 (we recall the fact that
for a unitary operator the adjoint and the inverse are equal). This can be checked as
follows:

x) = /f (§)EVdg = lim fi(x) in L*(R"),
j—>oo
R”

and

(g,f)=/ /f e2mi( d&)dx
—/ /g 20 00 F(E)dE = (78, ])

for any g € L' (R") N L?(R"). Hence f = f.
The general case follows by combining the above result and an argument involv-
ing a justification of passing to the limit. a

1.3 Tempered Distributions

From the definitions of the Fourier transform on L'(R") and on L?(R") there is a
natural extension to L'(R")+ L?(R"). It is not hard to see that L!'(R")+ L?*(R")
contains the spaces LP(R") for 1 < p < 2. On the other hand, as we shall prove,
any function in LP(R") for p > 2 has a Fourier transform in the distribution
sense. However, they may not be functions they are tempered distributions. Before
studying them it is convenient to see how far Definition 1.1 can be carried out.
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Example 1.7. Let n > 1 and f(x) = &y, the delta function, i.e., the measure of mass
one concentrated at the origin. Using (1.1) one finds that

8(E) = /50(x) e 2E) gy = 1
RI’L

In fact, Definition 1.1 tells us that if i is a bounded measure then [i(€) represents
a function in L™(R").

Suppose that given f(x) =1 we want to find f(é) In this case (1.1) cannot be
used directly. It is necessary to introduce the notion of tempered distribution. For
this purpose, we first need the following family of seminorms.

For each (v, B) € (Z*)*" we denote the seminorm || ||y g defined as

I lv.y = lx* O flle

Now we can define the Schwartz space .7 (R"), the space of the C*-functions
decaying at infinity, i.e.,

S(R") = {9 € C°(R") : [|¢]l(vp) <o forany v,Be(Z")"}.

Thus Ci (R") € .(R") (consider f(x) asin Example 1.3).
The topology in .’(R") is given by the family of seminorms || - [y g, (v, B) €
(ZJr)Zn.
Definition 1.3. Let {¢;} C .”(R"). Then ¢; — 0 as j — oo if for any (v,fB) €
(Z*+)? one has that
lloillv,gy — 0 as j— oo
The relationship between the Fourier transform and the function space . (R")

is described in the formulae (1.10). More precisely, we have the following result
(see Exercise 1.13).

Theorem 1.6. The map @ — @ is an isomorphism from . (R") into itself.

Thus .7 (R") appears naturally associated to the Fourier transform. By duality
we can define the tempered distributions . (R").

Definition 1.4. We say that v : . (R") — C defines a tempered distribution, i.e.,
¥ e (R if

1. ¥ is linear,
2. W is continuous, i.e., if for any {¢;} C .#(R") such that ¢; — 0 as j — oo then
the numerical sequence W(¢;) — 0 as j — co.

It is easy to check that any bounded function f defines a tempered distribution
¥ where
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/f x)dx, forany ¢ € ./ (R"). (1.13)

In fact, this identity allows us to see that any locally integrable function with
polynomial growth at infinity defines a tempered distribution. In particular, we have
the LP(R") spaces with 1 < p < co. The following example gives us a tempered
distribution outside these function spaces.

Example 1.8. In .'(R) define the principal value function of 1/x, denoted by

p.v. —, by the expression
X

forany ¢ € .(R). Since 1/x is an odd function,

/‘P 0 et / o) (1.14)

lx|<1 Ix[>1

Therefore
1 /
p-v. ;((P)I < 2[¢ oo +2/[x@| |0, (1.15)

and consequently p.v. % e ' (R).

Now, givena ¥ € ./(R") , its Fourier transform can be defined in the following
natural form.

Definition 1.5. Given W € .%/(R") its Fourier transform ¥ € .%'(R") is defined
as
(@) =¥(§), forany ¢ € .7 (R"). (1.16)

Observe that for f € L'(R") and ¢ € .7(R") (1.7), (1.13), and (1.16) tell us
that

@ (p) /f dx—/f (x)dx = ¥A(p).

Rn

Therefore, for f € L'(R") + L?(R") one has that ‘Pf = W5 . Thus, Definition 1.5
is consistent with the theory of the Fourier transform developed in Sections 1.1 and
1.2.

Example 1.9. Let f(x) = 1 € L*(R") C ./(R"). Using the previous notation, for
any ¢ € .7 (R") it follows that

Bi(9) = 11(9) = [ 19(x)dr=9(0) = [ &(x) p(x)dx = &(p).
Rn

Rn

Hence 1 = &. We recall that in Example 1.7 we already saw that go =1.
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Next we compute the Fourier transform of the tempered distribution in Example
1.8.

Example 1.10. Combining Definition 1.5, Fubini’s theorem, and the Lebesgue dom-
inated convergence theorem we have that for any ¢ € . (R)

-

1 . . o(x)
V. — = p.v. — =1 —
p-v- (@) = pv. 2(9) = lim P
e<|x|<l/e
1, 7 .
=1 - —2mixy
lim x( / o(y)e dy)dx
e<lx|<l/e —oo
= . 672nixy
in [ [ e
—o0 e<lx|<l/e
i ) 672ﬂixy
= [ow(im [ “——ar)ay
—o0 e<lx|<l/e

= —irn / sgn(y) @(v)dy,

—o0

where a change of variables and complex integration have been used to conclude
that

—2mixy o 2 o
lim ¢ dx = —Zi/wdx = —2isgn(y)/ sin(x) dx =—imsgn(y).
el0 x x x
e<lx|<l/e 0

This yields the identity

—

pv. 1(€) = — imsan(§).

The topology in .’/ (R") can be described in the following form.

Definition 1.6. Let {¥;} C ./(R"). Then ¥; —0as j— oo in .’(R")if for any
¢ € Z(R") it follows that ¥;(¢) — 0 as j — oo.

As a consequence of the Definitions 1.4, 1.6, we get the following extension of
Theorem 1.6, whose proof we leave as an exercise.

Theorem 1.7. The map 7 : ¥ — ¥ isan isomorphism from .'(R") into itself.

Combining the above results with an extension of Example 1.3 (see Exercise 1.2)
we can justify the following computation related with the fundamental solution of
the evolution Schrodinger equation.
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Example 1.11. e=47ithl> = lim =47 (e+i)kl® in /(R").
e—0t
From Exercise 1.2 it follows that

o |ER/ae i)

(P e &) = e

Taking the limit € — 0" we obtain

oilE P /4

(674n2it|x\2)(5) _ W (1.17)

As an application of these ideas we introduce the Hilbert transform.
Definition 1.7. For ¢ € .(R) we define its Hilbert transform H(¢) by

HO)0) = Spver (90— ) = Zp 1 #0().

From (1.14), (1.15) it is clear that H(¢@)(y) is defined for any y € R and it is
bounded by g(y) = aly| + b, with a,b > 0 depending on ¢. In particular we have
that H(¢p) € &/(R). Let us compute its Fourier transform.

Example 1.12. From Example 1.10 and the identity
. 11 ) ,
H(@)0) = lim (= Ziecwerye *@) () in 7 (R)
it follows that

i (L] - o R

om (; T Me<lxl<1/e} *‘P) (&) = —isgn(5) (&)

This implies that

—

H(@)(6) = —isgn(§) 9(&), forany ¢ €.7(R). (1.18)

The identity (1.18) allows us to extend the Hilbert transform as an isometry in
L?*(R) . It is not hard to see that

[H(@)ll2=llel2 and H(H(¢)) =—o.

Other properties of the Hilbert transform will be deduced in the exercises in Chap-
ters 1 and 2.

In Definition 1.7 we have implicitly used the following result, which will be used
again in the applications at the end of this chapter.

Proposition 1.3. Let ¢ € S (R") and ¥ € ' (R"). Define

Yxox)=¥(ox—")). (1.19)
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Then
¥xpcC” (RN (R")

and

P ="p, (1.20)
where U¢ € . (R") is defined as P¢(9) = P(Po) forany ¢ € .7(R").

Proof. Ttis left as an exercise. g

1.4 Oscillatory Integrals in One Dimension

In many problems and applications the following question arises:
What is the asymptotic behavior of I(1) when A — oo where

b

I(A) = / M) £(x)dx, (1.21)

a

and ¢ is a smooth real-valued function, called the “phase function,” and f is a
smooth complex-valued function?

We shall see that this asymptotic behavior is determined by the points ¥ where
the derivative of ¢ vanishes, i.e., ¢'(¥) =0.

Proposition 1.4. Let f € Cy([a,b]) and ¢’(x) # 0 for any x € [a,b]. Then

b
) = / MW F(x)dx = O(A7F), as A — oo (1.22)

a
forany k€ Z*.
Proof. Define the differential operator

1 df

which satisfies

i 4 f ko iAoy _ idd
Z(f) = dx<i7L¢’> and Z("?)=e€"?,

where ' denotes the adjoint of .Z. Using integration by parts it follows that
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b b
/eiM’fdx: /fk(eiw)fdx

a

b
k/ 29V fdx=0(A7%), asA — oo,

O

Proposition 1.5. Ler k € Z*+ and |¢® (x)] > 1 for any x € [a,b] with ¢'(x)
monotonic in the case k = 1. Then

b
’/e"“’(x)dx’ <ehVE (1.23)

where the constant cy. is independent of a,b.
Proof. For k=1 we have that

b b
/e”wdx = /f(e’w)dx =

b
L' z_/ Mz; 5x(([)’)d

a a a

Clearly, the first term on the right hand side is bounded by 2A~'. On the other hand,
the hypothesis of monotonicity on ¢’ guarantees that

1 d
M < / \ &)
‘ / il dx d - dx dx

This yields the proof of the case k= 1.

For the proof of the case k > 2 we will use induction in k. Assuming the result
for k, we shall prove it for k+ 1. By hypothesis |¢*+1)(x)| > 1. Let xo € [a,b] be
such that

9% (x0)| = min [9)(x)].

If ¢ (xo) =0, outside the interval (xo— &, xo+8) one has that |¢*) (x)| > &, with
¢’ monotonic if k = 1. Splitting the domain of integration and using the hypothesis
we obtain that

x0f5 b
’ / A0 dx| +‘ / o) dx| < ck()ﬁ)*l/k.
a xo+6

A simple computation shows that
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xp+0
‘ / ei}“¢(x)dx|§25.

X0—5
Thus

b
’/eild’(x)dx’ < cr(A8)Vk426.

If ¢ (xp) #0, then xo =a or b and a similar argument provides the same bound.
Finally, taking & = A~'/*+1) we complete the proof. O

Corollary 1.1 (van der Corput). Under the hypotheses of Proposition 1.5,

b
| [ €% px)dx| < a7+ 1£'11) (1.24)

with ¢y independent of a,b.
Proof. Define

X

G(x) = /ei/w(y) dy.

a

By (1.23) one has that
G| < exd k.

Now using integration by parts we obtain

b b b
’/‘eil‘pfdx’:‘/'Glfdx‘§|(Gf)“:+|/Gf/dx‘

<A (I flleo+ A1) -

O
Next we shall study an application of these results.
Proposition 1.6. Let 8 € [0,1/2] and Ig(x) be the oscillatory integral
Ig(x) = /e"("”“?}) n|Pdn. (1.25)

Then Ig € L”(R).
Proof. First, we fix @y € C*(R) such that

1, if |n|>2

wo(n) = {0, if |0 < 1.
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Observe that (1 — (po)(n)e"r’3 In|f € L'(R), therefore its Fourier transform be-
longs to L*(R). Thus, it suffices to consider

~ . 3
Ig(x) = /e’(’””” P go(n)dn.

For x > —3, the phase function ¢,(n) = xn + 1, in the support of @, satisfies

[or(m)] = le+30%| = (]x] + [n ).

In this case integration by parts leads to the desired result.
For x < —3, we consider the functions (@i, ¢2) € Cg x C* such that ¢;(n) +

¢ (n) =1 with
supp@i CA={n: [x+3n* < %},

and

®=0 in B={n: |x+3n|<u

and we split the integral /g(x) in two pieces,

g (x)] < T3 ()| + T3 ()],
where

i ; 3 .
1[;()6):/6’(”*")\n\”%(n)%(n)dn, for j=1,2.
When @,(1) # 0 the triangle inequality shows that

|or(n)] = [x+3n° > - (IXI+ITI|)

Then integration by parts shows that

= . 3
17500l = | |Z7(|,1)<Po(n)¢z(n)m1e’(""+” Jdn| < 100.
Now, if 1 € A we have that
d ¢x

L T L ‘_6|n|>|x|l/2

2 2

Thus (1.24) (van der Corput) and the form of ¢p, ¢; guarantee the existence of a
constant ¢ independent of x < —3 such that
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oo

~ ; 3 —
@I =] [ & 1P go(m)gn(m)dn| < el P,

—o0

O
1.5 Applications
Consider the initial value problem (IVP) for the linear Schrédinger equation
du=iAu,t €R
= AT E R, (1.26)
u(x,0) = up(x),

x € R". Taking the Fourier transform with respect to the space variable x in (1.26)
we obtain

{ﬂ(é,t) = Q(&,1) = iAu(E,1) = —4n%i|E|u(E 1)
a(E,0) = (&)

The solution of this family of ordinary differential equations (ODE), with parameter
&, can be written as

— — a2t E2
a(g,1) =TS G (&),
By Proposition 1.3 it follows that

u(x,1) = (e () = (T HER) Y w i (x)
el /4 A (1.27)
= ——xup(x) = e"ug(x),
Gy *oW) o)
where we have introduced the notation ¢4 which will be justified in Chapter 4.
Next we consider the IVP associated to the linearized KdV equation

dhv+d3v=0, (1.28)
v(x,0) = vo(x) '
for #,x € R. The previous argument shows that
v(x,1) = S xvo(x) = (¢ 1€5) Y = V(v (), (129)

where the kernel S;(x) is defined by the oscillatory integral

oo

S,(x) = / A TS g (1.30)

—oo0
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After changing variables,

1 X
() = —— Ai =), 131
Si(x) 33tAl<33t) ( )

where Ai(-) denotes the Airy function

Ai(x) = % / (R ge (1.32)

By combining Proposition 1.6 (with f = 0) and a new change of variable we find
that
118¢]|eo < cle|71/3. (1.33)

Moreover, if 8 € [0,1/2] then
IDES1 oo < clr| =PI (1.34)
Hence, using Exercise 1.3 it follows that
IDEV ()0l = [DES: 5o < cle|~PHI w1, (1.35)
where D,/g =DP = (fA)B /2 denotes the homogeneous derivative of order f3, i.e.,
DP f(x) = [(27IE))P (&)Y (). (1.36)
Notice that the derivative of the phase function in (1.32) ¢ (&) = Ex+ &3 /3 does

not vanish for x > 0, i.e., |¢'(&)| =[x+ &?| > |x|, so using Proposition 1.4 one sees
that Ai(x) has fast decay for x > 0. In fact, one has (see [Ho2] or [SSS]) that

. 1 32
Ai(x)| < me Cx*a (1.37)

and W
A (x)| < (14x_)Hemexs”, (1.38)

where x_ = max{0;x} and x, = min{0;x}.
Hence (1.34) with B = 1/2 can be seen as an interpolation between (1.37) and
(1.38) and the scaling.

Remark 1.1. The relevant references used in this chapter are the books [SW], [S1],
[S2], [Sa], [Du], and [Rd].

1.6 Exercises

1.1. (1)) Let n>1 and f(x) = e 2*M. Show that
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o Tln+1)/2] 1
1(8) = A D2 (14 |ER)mtD/2

Hint: From the formula of Example 1.5 with a = 8 and b = 1 one sees that

B 2 o<"cos([3x) d,
717.0 1+4x2

which, combined with the equality

/ =P dp, yields e‘ﬁ:/e ’ e P14 dp.
0 0

Use this identity to obtain the desired result.

1 1
(i) Let n=1 and f(x) = ————=. Show that

(l+x)

~

7(&) = e el + 1),

Hint: Differentiate the identity in Example 1.5.

1.2. Prove the following extension in ./ (R") of formula (1.8):
— 2
(e-ab?®) = (f)"/ el Bea>0,a+#0,
a

where /a is defined as the branch with Zea > 0.
Hint: Use an analytic continuation argument.

1.3. Prove Young’s inequality: Let f € LP(R"), 1< p <o, and g€ L'(R"). Then
f*g e LP(R") with
1+ gllp < I1pllgll- (1.39)

1.4. Prove the Minkowski integral inequality. If 1 < p < oo, then

([1[senafa)” < [([irenra) e a0
Rr Rn

Rr Rn

Observe that the proof of the cases p = 1, is immediate.

LS. Let f € LP((0,%0)), 1 < p <o, f>0.
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@) Prove Hardy’s inequality

o

7 (1/ rws) ax< (C20) [ieoras a4
0 0 0

(i)  Prove that equality in (1.41) holds if and only if f = 0, a.e., and that the
constant ¢, = p/(p — 1) is optimal in (1.41).

(iii)  Prove that (1.41) fails for p =1 and p = .
Hint: Assuming f € Cy((0,00)) define

=

F(x)z%/f(s)ds, so xF'=f-F
0

Use integration by parts and the Holder inequality to obtain (1.41).

1.6. Consider the Fourier transform ~ as a map from L' (R") into L= (R").

(i)  Provethat ~ is injective.

(i)  Prove that the image of ~ , i.e., LI(R"), is an algebra with respect to the
pointwise multiplication of functions.

(iii)  Prove that L! (R") C C.(R"), where C..(IR") denotes the space of continuous
functions vanishing at infinity.
Hint: From Example 1.2 we have that ||g || = 2 and

tm i = =

Use the open mapping theorem to get the desired result.

1.7.

@) Prove the following generalization of (1.6) in Theorem 1.1:

—

If f € L'(R") and g € LP(R"), 1 < p <2, then (/+)(§) = f(£) &(&).

(i) If feLP(R"), ge L’ (R") with 1/p+1/p'=1,1< p<oo, then fxge
Cw(R™). What can you affirm if p = 1,007

(i) If f € L'(R"), with f continuous at the point 0 and f > 0, then f € L'(R").
Hint: Use Proposition 1.2 and Fatou’s lemma.

1.8. Show that
2

sin”x
d =
/ 2 “
0 0
Hint: Use the identities (1.7), (1.11), and Example 1.1.

SIS
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1.9. For a given f € LZ(R") prove that the following statements are equivalent:

(i) g€ L*(R") is the partial derivative of f € L?(R") with respect to the kth
variable according to Definition 1.2.
(ii)  There exists g € L*>(R") such that

/f )9, 0(x) /g

for any ¢ € Ci(R™).
(ili)  There exists {fj} C C3’(R") such that

1fi=Flz—0 as j—ee,

and {0y, f;} is a Cauchy sequence in L*(R").
(iv) If &F(&) € LA(R"). Then

sup dx < oo.

h>0 R

wf@+mw—ﬂ@2
h

(v)  For p#2 which of the above statements are still equivalent?

1.10. (Paley—Wiener theorem) Prove that if f € Ci(R") with support in {x € R" :

lx| <M} then f(&) can be extended analytically to C". Moreover, if k € Z" one

has that
e2TM|n |

IF(E+in)| < ck( forany & +in e C". (1.42)

L4 [(E+im)*

Prove the converse, i.e., if F(& +in) is an analytic function in C" satisfy-
ing (1.42), then F is the Fourier transform of some f € C7(R") with support in
{xeR": x| <M}.

1.11. Show that if f € L'(R") with compact support, then for any £ > 0, f ¢
L' (efMdx).

1.12. Prove that given k € Z" and aset {aq € R:|ot| <k} there exists f € Cj(R")
such that

/x“f(x) dx = aq.
Rn
Hint: Use Exercise 1.10.
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1.13.

(i)  Provethatif f g€ ./, then fxge . 7.
(i)  Prove that the Fourier transform is an isomorphism from .% into itself.

(iii)  Using the results in Section 1.3, find explicitly ¥ = |;|\2 e S (RM).
(iv)  Prove Proposition 1.3.

1.14. In this problem we shall prove that

—

1 1
W(é)zcn’amﬁ fora € (O,l’l)

as a tempered distribution, i.e., V¢ € .7 (R")
1 5 1
/W‘P(x)dx:cw / W(P(é)d& (1.43)

where ¢, o = 7% "2 T'(n/2 —a/2) /T (a/2).

(i)  Combining the Parseval identity and Example 1.3 show that for 6 > 0
/ e MR G(x)dx = 51/ / e /8 o (x) dx. (1.44)
(ii))  Prove the formula

/ e mhPsB-1y5 — P gy any 8 > 0. (1.45)
0 [x[2P

(iii) Multiply both sides of (1.44) by 82" ~!, integrate on &, use Fubini’s theo-
rem and (1.45) to get (1.43).

1.15. Prove the following identities, where H denotes the Hilbert transform:
(i) H(fg) =H(f)g+ fH(g) +HH(f)H(g)).

.. 1
(11) H(X(,IJ))(.X):ElO

x+1
x—1[

a X
i) H = , a>0.
(i (x2 +a2> Zra ¢

1.16. Prove that if ¢ € .7 (R), then H(¢) € L'(R) if and only if ¢(0) = 0.

1.17. Consider the function f,(x) = %
a—x
(i) If @ > 0 prove that the principal value function of f,(x),
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X . X
p.v. 5 (@) =1lim / 5 ¢(x)dx,

a—x £]0 a—x
e<|a—x%|<1/e

with @ € .(R) defines a tempered distribution. Moreover, prove that if

N . —2mi(x- X
fa(é)*lgﬂ’)l / e ( é) dea
e<la—x2|<1/e

then R

[ falle <M, (1.46)
where the constant M is independent of a.
Hint: Observe that if a =0, f,(x) is just a multiple of the kernel 1/x of the Hilbert
transform H. If a > 0 then f,(x) can be written as sum of translations of the kernel
of the Hilbert transform H. Since the Hilbert transform satisfies a similar result,
(1.46) follows in both cases. (See Example 1.10.)
(ii) Show that (1.46) is also satisfied if a < 0.
Hint: Use Example 1.6.

1.18. Consider the IVP associated to the wave equation

Pw—Aw =0,
w(x,0) = f(x), (1.47)
ow(x,0) = g(x),

x € R", t € R. Prove that:

(i) If f,g € Cy(R") arereal-valued functions, then using the notation in (1.29)
the solution can be described by the following expression:
sin(Dt)
D 8

w(x,t) =U'(t)f+U(t)g = cos(Dt)f + (1.48)
with Dh(E) = 27|E| h(E) (see (1.36)).

(i)  If f,g are supported in {x € R" : |x| < M} show that w(-,#) is supported in
{xeR": |x| <M+1}.

(iii) Assuming n =3 and f =0, prove that

7
= — g(x+y)dsy.
am Jyppon STV

Hint: Prove and use the following identity

w(x,1)

sin(2x|&|t)

27i& x _
e s, =4nt ————=.
/{m:z} 2m|8|
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@iv)

)

(vi)

1 The Fourier Transform

If g € C3(R?) is supported in {x € R" : |x| < M}, where is the support of
w(-,1)?
Assuming n = 3 and g = 0, prove that

Wt =gy [ ) £V ] ds,. (149)

{lyl=r}

If E(t) = [((dw)*+ |V.w|?)(x,t)dx, then forany t € R,
Rn

E()=Eo= [ (¢ +VafP)(0)dx
Rﬂ

Hint: Use integration by parts and the equation.
( A. R. Brodsky [Br] ) Show that

' E
lim [ (9w)*(x.1)dx = 70
Rn

Hint: Use the Riemann—Lebesgue lemma (Theorem 1.1 (3)).

1.19. Consider the IVP (1.28) with initial data vy € Ci’(IR). Prove that for any 7 # 0
v(-,¢) does not have compact support.



Chapter 2

Interpolation of Operators. A Multiplier
Theorem

In this chapter we shall first study two basic results in interpolation of operators
in L? spaces, the Riesz—Thorin theorem and the Marcinkiewicz interpolation the-
orem (diagonal case). As a consequence of the former we shall prove the Hardy—
Littlewood—Sobolev theorem for Riesz potentials. In this regard we need to intro-
duce one of the fundamental tools in harmonic analysis, the Hardy-Littlewood max-
imal function. In Section 2.4 we shall prove the Mihlin multiplier theorem.

The results deduced in this chapter will be used frequently in these notes. In
particular, in Chapter 4 the proof of Theorem 4.2 is based on the Riesz—Thorin
theorem and the Hardy-Littlewood—Sobolev theorem.

2.1 The Riesz—Thorin Convexity Theorem

Let (X, </, 1) be a measurable space (i.e., X isaset, &/ denotes a c—algebra of
measurable subsets of X, and p is a measure defined on &). LP = LP(X, o/, 10),
1 < p < o denotes the space of complex-valued functions f that are o-measurable
such that

171, = ( /If(x)|”du)l/p<oo.
X

Functions in LP(X,%7,u) are defined almost everywhere with respect to . Sim-
ilarly, we have L*(X,</,u) the space of functions f that are p-measurable
complex-valued and essentially p-bounded, with ||f|| the essential supremum
of f. The Riesz—Thorin convexity theorem can be obtained as a consequence of a
version of the Hadamard three circles theorem, a result of the Phragmen—Lindelof
theorem, known as the three lines theorem.

Lemma 2.1. Let F be a continuous and bounded function defined on
S={z=x+iy:0<x<1}
F. Linares, G. Ponce, Introduction to Nonlinear Dispersive Equations, 25
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which is also analytic in the interior of S. If for each y € R,
[F@iy)l <My and [F(1+iy)| <M,
then for any z=x+iy €S
|F(x+iy)| < My "M

In other words, the function ¢ (x) = log k, is convex, where ky = sup{|F(x+1iy)]| :
y€R} for x€0,1].

Proof. Without loss of generality one can assume that My, M; > 0. Moreover, con-
sidering the function F(z)/M) *M3, the proof reduces to the case My = M; = .
Thus we have that

|[F(iy)] <1 and [F(1+4iy)|<1 foranyyeR,
and we want to show that |F(z)| <1 forany z € S.If

lim F(x+iy) =0 uniformlyon 0 <x<1

[y| o0

the result follows from the maximum principle. In this case, there exists yo > 0 such
that |F(x+iy)] <1 for |y| >yo and |F(z)] <1 in the boundary of the rectangle
with corners

iy07 1 +i)’0>_i)’0a 1- l}’O

The maximum principle guarantees the same estimate in the interior of the rectangle.
In the general case, we consider the function

F.(z) = F(z)e(zzfl)/”, neZt.
Since
Ea(@)] = |F (i) e/ el
< \F(x—i—iy)\e*yz/" —0 as |y — oo
uniformly on 0 < x < 1, with |F,(iy)| <1 and |F,(1+iy)| <1, the previous
argument proves that |F,(z)| <1 forany n € Z™. Letting n — o, we obtain the

desired estimate. O

Let T be alinear operator from LP(X) to LY(Y).If T is continuous or bounded,

i.e.,
1T fllq
T[] = sup ,
20 If1lp

2.1)

we call the number |||T|| the norm of the operator T.
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Theorem 2.1 (Riesz—Thorin). Let pg # p1, qo # q1. Let T be a bounded linear op-
erator from LPO(X, o7 ,|t) to L9(Y,2,v) with norm My and from LP' (X, o/ L)
to LIY(Y,AB,v) with norm M. Then T is bounded from LP®(X,a/ 1) in
L (Y, A,v) withnorm My such that

Mg < M) MY,

with I 1-6 6 1 1-0 o
—=——+4—, —=——+4—, 0€(0,1). 2.2)
Pe Po Pl d4e q0 q1

Proof (Thorin). Combining the notation

(h.g) = [ H(glr)dv()
Y

and a duality argument it follows that

1hllq = sup{[ (. 8)| : [Iglly =1}

and
Mpg =sup{(T£.&)|: | fllp = llglly =1},

where 1/p+1/p'=1/g+1/¢ =1.Since p < and ¢’ <o we can assume that
f, g are simple functions with compact support. Thus

x)=Y ajxa;(x) and g(y) =Y bixs,(v)
J k

For 0 < %e 7z <1 we define

¢(2) Zla [Po/PE e i)y, (),

and
v(z) = Z g |96/ @) efreb) g ().

Thus @(z) € LPi, y(z) € L%, and To(z) € L%, j=0,1. Also ¢'(z) € LP, y'(z) €
LY, and (T@) (z) € L%, j=0,1 for 0 < Ze z < 1. Therefore the function

F(z) = (T9(2),¥(2))

is bounded and continuous on 0 < Ze z <1 and analytic in the interior. Moreover,

19 (i) 1o = ILF179770 Ly = [ £llpe " =
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and )
(1 +it) ||y, = [IL£1Po/P1 |y = I F1IHS/7 = 1.

similarly, [ y(it)]ly, = [ly(1 +ir), = 1.
From the hypotheses it follows that

[F (i) < T o(it)llg (W) llg < Mo

and
[F(1+in)| < [[To(1+it)llg, w1 +ir)lly <M.

Since @(0)=f, y(0) =g, and F(0) = (Tf,g), by the three lines theorem we
obtain |(T'f,g)| < M} ~®MY{ . This completes the proof. O

Definition 2.1. An operator T is said to be sublinear if T(f+g) is determined by
the values of T f, Tg, and

T(f+e) <|Tfl+ITgl.

We shall say that a linear or sublinear operator T is of (strong) type (p,q) with
constant Myq if ||T f|lg < Mpyl|fllp forany feLP.

With this definition we can rephrase the statement of the Riesz—Thorin theorem.
Let po # p1, g0 # q1, and T be a linear operator of type (po,qo) with norm
My and of type (p1,q1) withnorm M,. Then T is of type (p,q) with

1-6 6

1 1-6 6
= +77 96(071)7
q91

1_
po P19 qo

with norm
M <My Om?.

2.1.1 Applications

Next we will use the Riesz—Thorin theorem to establish some properties of the
Fourier transform and the convolution operator. We fix X =Y = R" and u =
v =dx the Lebesgue measure.

Theorem 2.2 (Young’s inequality). Ler f € LP(R") and g € L1(R"), 1 < p,g < oo
1 1 1

with —+— > 1. Then fxge& L' (R"), where — = — 4 — — 1. Moreover,
JZE) r p q

I/ &ll- < lIf1lpllgllg- (23)

Proof. For g € L4(R") we define the operator
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Tr0) = [ 1x=2)s0)dy = (£8)(0).
i

The Minkowski integral inequality shows

1T fllg < llgllqll 1

On the other hand, using Holder’s inequality one sees that

1T flleo < llgllgll.fllg-

Thus T is of type (1,¢) and (¢’,e°) with norm bounded by ||g||,. Hence, Theorem
2.1 (Riesz—Thorin) guarantees that T is of type (p,r), where

1_(1-6) 6 _, 8
1 q q
and
l:@+0=1+(1—9)—1=1+1—1,
r q q q q p
with norm less than ||g||. ]

Theorem 2.3 (Hausdorff-Young’s inequality). Let f € LP(R"), 1 < p < 2. Then
feL!(RY) with %—i—% =1 and

A1l < [1£1Lp- 2.4)

Proof. From (1.2) and (1.11) it follows that the Fourier transform is of type (1,e0)
and (2,2) with norm 1. Hence, Theorem 2.1 tells us that it is also of type (p,q)
with

1 1— 1 11
f:( 6)+9:1_9 and f:0+9:1—f:—

P 1 2 2 q 2 p
withnorm M < 1(1-6)10 =1, O

This estimate is the best possible when p = 1 or 2. This is not the case for
1 < p < 2. Beckner [B] (Theorem 1, page 162) found the best constant for the
Hausdorff-Young inequality. He showed that if f € LP(R"), 1 < p <2, then

1/2
1/p
- ) P
£ Nl < (Ap)" (| fllp, where A) = <p,1/p’> '

2.2 Marcinkiewicz Interpolation Theorem (Diagonal Case)

Let (X,</,u) be a measurable space.



30 2 Interpolation of Operators. A Multiplier Theorem

Definition 2.2. For a measurable function f:X — C we define its distribution
function as

md,f) = n({x € X : |f(x)| > A}) = u(E}).

Thus m(A, f) asafunction of A € [0,00] is well-defined and takes values in [0, ).
Moreover, it is nonincreasing and continuous from the right.

Proposition 2.1. For any measurable function f:X — C and for any A >0 it
follows that

1. (Tchebychev)

m(hf) <A77 [ 17N duo) < 277115,

Z
2. If 1 < p<oo
715 == [ A7 dm(h.)=p [ 27~ Im(d. 1) dA.
0 0
pr:oo’

[1fllee = inf{A : m(Z, f) = 0}.
3. mA, f+g) <m(A/2,f)+m(A/2,g).
Proof. Tt is left as an exercise. ]

Definition 2.3. For 1 < p < e we denote by L*(X,<7,u) the space of all mea-
surable functions f: X — C such that

1715 = supA(m(A, )P < .
A>0

Observe that L>* = L.

Proposition 2.2. If 1 < p < oo, then

1. LP(R") € LP*(RY).
2. lf+sllp < 2011115 + llgll)-

Proof. Ttis left as an exercise. a

Therefore LP*(X,<7, L) is a quasinormed vector space

17+ gl < k(A1 + el

with k=2, i.e., it only satisfies a quasitriangular inequality. The spaces L” and
LP* are particular cases of the Lorentz spaces LP (see [BeL])).
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Definition 2.4. Let M(X) be the space of complex-valued measurable functions
defined on X. A linear or sublinear operator T : LP(X) — M(X) with 1 < p < oo
is said to be of weak type (p,q) if there exists a constant ¢ > 0 such that for any
ferrx)
ITflly < cllAllp-

If g =oo, type (p,o0) and weak type (p,eo) agree. Tchebychev’s inequality
shows that if T is of type (p,q) then it is of weak type (p,q).

In the rest of this chapter we shall consider X = R".

Theorem 2.4 (Marcinkiewicz). Let 1 < r < oo and

T:L! (R")+L"(R") — M(R")
be a sublinear operator (see Definition 2.1). If T is of weak type (1,1) and of weak
type (r,r), then T is of (strong) type (p,p) forany p € (1,r).

Proof. First we consider the case r = oo. Changing the operator 7 by ||T||~'T
one can assume that

1T flleo < 1Sl
Given f € L'(R")+L"(R"), foreach A € R* we define

Aoy _ )&, [f(x)]=4/2
ﬁw—{o,ﬁﬂm<wz

and f}(x) = f(x) — f}(x). Therefore

7)< |T A0l +2/2,
and
{xeR":|Tf(x)| > A} C {xeR":|Tf}(x)|>A/2}.
Since T is of weak type (1,1) it follows that

—1
wernirtwl=amize(5) [l

Rll
—2ep"! /1|fuﬂdn
Ty

where |-| denotes the Lebesgue measure. Combining this estimate, part (2) of
Proposition 2.1, and a change in the order of integration one has
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/\Tf(x)wx:p/;w”ux ER":|Tf(x)| > A)}|dA
R 0

< p/)d’_l (2e2~! / £(x)]dx) dA
0 [fI>A/2

—2ep /W a2 / /()] dx) d2

0 [f]>A/2

2[f ()]

~2p [ ([ A2an) rwlas= 2L,

R 0

which yields the result for the case r = oo.
In the case r < oo we have

m(A,Tf) ={x e R":[Tf(x)| > A}
m(A/2,Tfl) +m(A/2,Tf5)

Sél /|f1 |dx+c /|f )| dx

—2aa” [ @ldx+ea [ If@lax
[f1=A/2 [fl<A/2

As in the proof of the case r = oo we have that

/M2 / (x)|dx)dl:lz)p_ll

I/1=2/2

A similar argument shows that

[ | £ ) a2 = Z— |1}
0

Ifl<A/2

Combining these inequalities and part (2) of Proposition 2.1 we find that



2.2 Marcinkiewicz Interpolation Theorem 33

; c1 c\1/p
T < ) th =2y ( - ) .
WTfllp <cpllfllp, with ¢p Up p—1+r—p

2.2.1 Applications

We shall use the Marcinkiewicz interpolation theorem to study some basic proper-
ties of the Hardy—Littlewood maximal function. First we will introduce some nota-
tion.

We denote by L .(R") the spaces of functions f:R" — C such that [y |f|dx <

loc

oo for any compact K C R”. The volume of the unit ball in R" will be denoted by
@, and B,(x) ={y € R": ||lx—y|| < r} isthe ball of center x and radius r.

Definition 2.5. For a given f € L] .(R"), we define .2 f(x), the Hardy-Littlewood
maximal function associated to f, as

1 1
@) =sup o [ IOy =sup- [ |fe=ry)ldy
>0 [Br(x)] r>0 Wn
By (x) B1(0)

1
=2 (11 g o)

Proposition 2.3.

1. A defines a sublinear operator, i.e.,
| (f+8)(x)| < |A[f(x)|+|Ag(x)], xeR"

2.If feL”(R"), then
[ flloo < 1l fl]eo- 2.5)

Proof. Ttis left as an exercise. a

Part (2) of Proposition 2.3 tells us that .# is of type (co,o0). Next, we will show
that ./ is of weak type (1,1). For this purpose we need the following result.

Lemma 2.2 (Vitali’s covering lemma). Let E C R" be a measurable set such that
E C UgBy, (x) with the family of open balls {By,(xq)}a satisfying supry =
o

co < oo. Then there exists a subfamily {Brj (xj)}; disjoint and numerable such that

E| <5" ) [Br,(x))].
=1
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Proof. Choose B, (x1) such that rj > ¢o/2. For j>2 take B,j(xj) such that

j-1
By;(x;) ﬂkUIB,k (xx) =0 and

1
rj > Esup{ra : By (xq) By, (xx) =0 for k=1,...,j—1}.

It is clear that the B, (x

;) are disjoint. If }|B,;(x;)| = oo we have completed the
proof. In the case Y |B,;(x,

j)] <eo (hence, limr; =0) it will suffice to show that
Jj—roo

B, (xq) C LJJB5,J, (x;), forany c.

If By, (xa)=By;(x;) for some j there is nothing to prove. Thus we assume that
By, (xq) # By;(x;) forany j. Define jq as the smallest j such that r; <rq/2.
By the construction of B, (x;) there exists j € {1,...,jq — 1} such that B, (xq)N
By (xj) # 0. Denoting by j* this index it follows that By, (xq) € Bsy. (x;+) since
ris > rg /2. O
Theorem 2.5 (Hardy-Littlewood). Let 1 < p < oo. Then .# is a quasilinear op-
erator of type (p,p), i.e., there exists c,, such that

[ fllp < cpllfllp, forany feLP(RY). (2.6)

Proof. We first show that .# is of weak type (1,1), that is, there exists a constant
c1 such that for any f € L'(R")

sup A m(A, A f) <ci]|fl- 2.7
A>0

Once (2.7) has been established, a combination of (2.5), (2.7), and the Marcinkiewicz
theorem yields (2.6).
To obtain (2.7) we define E* = {x € R" : .# f(x) > A} forany A > 0. Thus if

X€EE }, then there exists B, (x) such that

| 1rlay > 2[B, ().

Brx (x)

Clearly, we have that

E} C U B (x),
er}

then the Vitali covering lemma guarantees the existence of a countable, disjoint sub-
family {Brxj (xj)}_,'ez . such that

B <5 Y I8, ()l <547 Y [ 10y <527,
j=1

]
7B ()
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which implies (2.7). O
Next we extend the estimates (2.6)—(2.7) to a large class of kernels.

Proposition 2.4. Let ¢ € L'(R") be a radial, positive, and nonincreasing function
of r=||x|| € [0,0). Then

l
suplo . (x)] = sup| / AL pyay| < olhaf. @8

Proof. First, we assume that, in addition to the hypotheses, ¢ is a simple function

¢(x) = Y axs, (0)(x), with a;>0.
k
Hence
(P*f Zak|BrL ( )‘XB'k( ) (x) S H(le‘%f(x)

(observe that Q|1 = Yy ax|B,, (0)]).

In the general case, we approximate ¢ by an increasing sequence of simple func-
tions satisfying the hypotheses. Since dilations of ¢ satisfy the same hypotheses
and preserve the L'-norm, they verify (2.8). Finally, passing to the limit we obtain
the desired result. O

Next we shall apply these results to deduce some continuity properties of the
Riesz potentials. We recall that the fundamental solution of the Laplacian A is
given by the following formula describing the Newtonian potential

Uf(x)cn/hf(;zlzdy for n > 3.
Ri’l

The Riesz potentials generalize this expression.

Definition 2.6. Let 0 < o < n. The Riesz potential of order o, denoted by I, is
defined as

Iof(x) = cq / |xf§1y’)'—0‘dy = ko * f(x), (2.9)
Rn

where cq = "/227%(n/2— o/2) /T (0t)2).

Since the Riesz potentials are defined as integral operators it is natural to study
their continuity properties in L?(R").

Theorem 2.6 (Hardy-Littlewood—Sobolev). Ler 0 < a@ <n, 1 < p < g < o, with
1 1 «

q p n
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1. If f € LP(R"), then the integral (2.9) is absolutely convergent almost every
xeRM

2.If p>1, then Iy is of type (p,q), i.e.,
e (F)llg < cpanllfllp- (2.10)
Proof. We split the kernel kg (x) = kY (x) + k3 (x) as

ko(x) if |x] <e
kU — a )
a(®) { 0 if [x|>¢€

and k% (x) = kg (x) — kY (x), where € is a positive constant to be determined. Thus
o ()] < kg # f ()] + kG # S (x)] = T+ (2.11)

The integral I represents the convolution of a function kY, € L'(R") with f €
LP(R™). The integral I is the convolution of a function f € LP(R") with k{; €
LY (R™). Therefore both integrals converge absolutely.

Also, using that

€

d !
Y :c,,/ dr=cpq €%,

|y|n—oc yn—a

lyl<e

together with (2.8) in Proposition 2.4 we infer that
1

[yl

On the other hand, Holder’s inequality implies that

1
1< &% (g xyeraty ) g A1) () < can €% £ (). (2.12)

1 1y
I <can IIpr( /Wdy>

ly|>¢

o pn—l 1/p
—can 1o ( [ @)

= can €7 £l

(2.13)

Next, we minimize the sum of the bounds in (2.12)—(2.13). Hence we fix € =
€(x) such that

€% M f(x) = ce" P T £,

using n/p’ —n = —n/p. This is equivalent to

e f(x) = ce P f]|,- (2.14)
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Combining (2.11)—(2.14) we can write

af ()] < ¢ (Il (A F() )t f(x)
= c|IFI5P" (A f(x)) - rm (2.15)
—c|IfI8 (fx)"°  e=ap/ne(0,1).

Finally, taking the L?-norm in (2.15) and using (2.6) we conclude
Haflly < clFIPNCAZL) g = el FIpI-A£11 {1 %), < cllfllps

since (1—0)g=(1—ap/n)q=p,ie., 1/g=1/p—a/n. This completes the
proof. O

2.3 The Stein Interpolation Theorem

So far we have discussed interpolation theorems for fixed linear or sublinear opera-
tors. We now want to cover the following situation: Suppose we have linear opera-
tors varying together with the indices p and ¢ smoothly. Is it possible to extend the
Riesz—Thorin theorem to this case? The answer is affirmative and we shall describe
this extension next.

Let S be the strip defined in Lemma 2.1 and z = x+ iy € S. Suppose that for each
z € § there corresponds a linear operator 7, defined on the space of simple functions
in L' (X, .o/, 1) into measurable functions on Y in such a way (7,f)g is integrable
on Y provided f is a simple function in L' (X,.27, i) and g is a simple function in
L' (Y, %,v).

Definition 2.7. The family of operators {7 }.cs is called admissible if the mapping

7 /Y (T.f)gdv

is analytic in the interior of S, continuous on S and there exists a constant a < 7
such that

e log| [ (T.f)gav)
Y
is uniformly bounded above in the strip S.

Theorem 2.7 (Stein). Suppose {T.},z € S, is an admissible family of linear opera-
tors satisfying

1Ty fllgo < Mo) 1fllpo  and N Tivisfllg < M) 1S lpys ¥y €RY,

for all simple functions f in L' (X, o/, i), where 1 < pj,q; < oo, M;(y), j=0,1, are
independent of f and satisfy
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sup e PV 1og Mj(y) <o

—co<y<oo

for some b < . Then, if 0 <t <1, there exists a constant M; such that

||’I;quz < Ml Hf”l’z

for all simple functions f provided

1 11—t t 1 1—1¢ t
7:u+7 and i:g_i_i
Dt Po P1 qi 40 q1
Proof. For the proof of this theorem we refer the reader to [SW]. g

2.4 A Multiplier Theorem

Let m(-) be a bounded measurable function in R”. Define the operator

Tnf(x) = (m(-)f()"(x),  feL'(R)NLAR"). (2.16)

Notice that if m(x) = K(x) then, formally, 7,, f(x) = K * f(x). However, K €
' (R"), i.e., a temperate distribution so K * f is not necessarily defined.

As we have seen in (1.27), (1.29), and (1.48) solutions of the linear evolution
equation can be written in this form.

Definition 2.8. An m(-) is said an LP-multiplier if
T fllp < cpllfllps forall f € L*(R")NLP(R"). (2.17)

In this case T,(-) can be extended to L”(R"). The smallest constant c}, in (2.17) is
the operator norm of 7,, in L?(R"), i.e., || T || (see (2.1)). Notice that if p = 2 one
has ¢; = ||m||.. Also by duality if m(-) is an LP-multiplier, 1 < p < oo, then m(-) is

an Lp'-multiplier with % + 1% =1, and C;/ =¢

o
Theorem 2.8 (Mihlin-Hormander). Let m € CK(R"\ {0}), k€ Z*, k>n/2. If
Sor o) <k/2

sup R+l / |08m(E)PdE = Aq < oo, (2.18)
k=0 R<|&|<2R

then m(-) is an LP-multiplier for any p € (1,e0). Moreover, T,, is of weak type (1,1),
ie., forA >0

Ax eR": | Tuf(x)| > A} <cllflli for all fELl(R”), (2.19)

where |A| denotes the Lebesgue measure of the set A.
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Notice that if m € CK(R"\ {0}), k € Z*, k > n/2 with

sup sup |x|/™0%m(x)| =By <o for |a| <k, (2.20)
x#0 || <k

then (2.18) holds. Condition (2.20) is due to Mihlin, the weaker version in (2.18) is
due to Hormander.

Combining a duality argument and the Marcinkiewicz interpolation theorem it
suffices to establish (2.19) to obtain Theorem 2.8. This will be done in Appendix A.

2.5 Exercises

2.1. Prove the continuity part of Theorem 2.1 (Riesz—Thorin ) in the cases py = p;
and qo =q1.

2.2. Prove Proposition 2.1.
2.3. Prove Proposition 2.2.
2.4. Prove Proposition 2.3.

2.5. Prove that the Fourier transform defines a continuous operator from L” (R") to
LY (R") onlyif 1/p+1/p' =1 with p'>p.

Hint: Use (1.5) to obtain the dual relation between p and p’. To see that p’ > p
consider the case n =1 and the function e™*’ Xpk ok (X), k€ Z7.

2.6.

(i)  Prove the Lebesgue differentiation theorem: If f € L} (IR"), then for almost
every x € R”
i /f )dy = (). 21)

lim
r—0 |B

Hint: Without loss of generality take f € L'(R"). Define O(f,x) the oscilla-
tion of f at x as

O(f,x):|1imsup |/f Ydy — hmmf |/f )dy |.

r—0

Prove that (2.21) is equivalent to O(f,x) = 0. Use that
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1 1/mon
r*>0|B( )|7CB, *f f lIlL (R)

therefore there exists a sequence {r;} such that
lim 5, (0 /(x) = £(x) almost everywhere x & "
B, x) = f(x) almost everywhere x .

30 [By; (0)]

Combine (2.7), the inequality O(f,x) <2.# f(x), and a density argument to
obtain the result.
(i) Let fe LIOC(R") and Q; be a sequence of closed cubes in R" such that O 2

02 2..., |01| <oo and |Qj| =2"|Qj41]. If x€ ) Q; prove that
j=1

jlg{}o@ / Fo)dy = £(x). (2.22)
Hint: Define |
M = — dy. 2.23
16)= sw 1o [1lay 223
xeQ

Show that there exist ¢, d, > 0 such that
dn M f(x) < A [ (x) < cn [ (x),
and reapply the argument in (i).
2.7. Assuming to be true the case n =1 of the Hardy-Littlewood—Sobolev inequal-

ity (2.10) prove the general case n > 2.
Hint: Combine the Holder, Young, and Minkowski inequalities with the identity

o=yl =yl

dyy...dyn— Cn
Rn—1

2.8. Prove that the Hilbert transform (see Definition 1.7) is of type (p,p) for any
1 <p<oo.

Hint: (a) The identity (1.18) provides the result for the case p = 2. Use the formula
deduced in Exercise 1.15 part (i) with f = g to prove the result in the case p = 4.
Apply the Riesz—Thorin interpolation theorem to extend the result to 2 < p < 4.
Reapply this argument to obtain the proof for p > 2. Finally, use duality to com-
plete the proof.

(b) Otherwise use Theorem 2.8.

Observe that this result fails in the extremal points p = 1 or oo. See part (ii) of
Exercise 1.15.
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2.9. Prove that the Riesz potential of order @, Iy, o € (0,n) defines a bounded
operator from L”(R") to L(R") onlyif 1 < p< g <eo, with 1/g=1/p—o/n.
Hint: Prove the formula 6,-1/40, = a~ %Iy, where 6,f(x) = f(ax). Show that the
value of the norms of 8, f(x) and 6, 1146, f givetherelation 1/g=1/p—a/n.To
see that the inequality does not hold for the extremal cases p=1 and g=n/(n— o)
use an approximation of the identity instead of f (case p = 1). For the case
g =n/a use duality.

2.10. Prove that the multipliers

_&

m;(&) = e j=1,...,n, (the j-Riesz transform)

and

my(E) =15, yeR,
are LP-multipliers with 1 < p < oo,

Hint: Use condition (2.20).

2.11. Let s > 0. Prove that for any p € (0,s) and any p € (1,)
1011l <cllfly PP ID IR 1 e (@), (2.24)

Prove that the estimate (2.24) still holds with A = (1 — A)!'/? instead of D, and that
in both cases the proof for p =2 is immediate.
Hint: For a fixed f € .(R") define

Fu(z) = |~/ Dsy,

for z =x+ iy with 0 < x < 1. Prove that F,(-) satisfies the hypotheses of Lemma 2.1
using Theorem 2.8 (see Exercise 2.10). Let n tend to infinity to get the result.

2.12. For the initial value problem

diu = Au,
u(x,0) = f(x),
x € R", t >0, prove that the solution u(x,t) = ' f(x) satisfies the following
inequalities:
@) o
1D uC )y < ext™ 2 |1£]lg, (225)

for s > 0 and
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r_r.i
p q r
(i1)
7 . 1/oc
([10tutnlgar) ™ <elsl, (226)
0
with p € [0,2) and
1 n/s1 1 p 1
O<=—=2(-—— —<- GI1)).
<G 2<q p)+2_q’ (see [GID)
Hint: For (i) Use Example 1.3 to deduce that
efl'|2/4t
M(X,[) = KZ‘ *f(.x) = W *f(.x)

Prove the identity ||DSK;||. = ¢t~ ("/2%5/2) for s > 0 and combine it with Young’s
inequality to obtain (2.25).

For (ii) define (Qf)(t) = | DY e f|| . Then by (2.25) (2f)(t) < ct™ | £l
t € (0,0). Hence, the sublinear operator €2 is bounded from L?(R") into L°*((0, o)),
(i.e., L°-weak). Use Marcinkiewicz interpolation theorem to get (2.26).

2.13. For the following initial value problem

?w—Aw =0,
w(x,0) = f(x),
Iw(x,0) = g(x),

x € R", t € R, prove that
(i) If n=1, then

fatn+f— 1
w(x,t) = 7 —&—5 /g(s)ds.

Hint: Use the formula deduced in Exercise 1.18 (i) or the change of variables { =
xX+t, N=x—1.
(i) If n=3, f=0 and g is a radial function ( g(||x||) ), then

[lxll+2

- dp.
3 pg(p)dp

[+l—]

w(x,1) = w(|lxl,1)

Hint: Deduce the formula for the Laplacian of radial functions, use the change of
variables
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v(p,1) = pw(p,) = [[x] w(lxll.2)

and part (i) of this exercise.
(ii1) Under the same hypotheses of part (ii) use the Hardy—Littlewood maximal func-
tion to show that

v 1/2
([ wenian) " < cllgle @.27)

In [KIM] it was established that (2.27) does not hold for nonradial functions g.

2.14. Let my, mp be two LP-multiplier. Prove

() Ty © Ty = Toyomy-
(i) (Tp,)* = T,

2.15.(i))  Prove thatif n = 3, then for any t £ 0

~

mi(&) =cos(2m|E[t), Ty, f(x) = (my(-) f(-))" (x) (2.28)

is not an L”-multiplier for p # 2.
(ii))  Prove that if n = 3 then (see (3.36))

|Ton, fllee < et V[V flh2,  forany ¢ #0.
(iii)  Prove that if n = 1 then m, (&) = cos(27w|€|r) for each t € R is an LP-

multiplier for 1 < p < oo,
(Part (i) holds in any dimension n > 2. See [Lp]).

Hint: Notice that T, f(x) = (m(-) F)Y(x) is the solution u(x,) of the IVP
Pu—Au=0, xeR* >0, u(x,0) = f(x), du(x,00=0.  (2.29)
So the formula (1.49) in Exercise 1.18 (iv) applies. Take f(x) = h(|x|)/|x| =

h(r)/r, with h(-) supported in the annulus {x € R : & < |x| < 2¢}. Check
that u(x,t) = (h(r+1t)+ h(r —rt))/2r, and prove the desired result.



Chapter 3

An Introduction to Sobolev Spaces and
Pseudo-differential Operators

In this chapter we will give a brief introduction to the classical Sobolev spaces
H*(R™). Sobolev spaces measure the differentiability of functions in L?(R") and
they are a fundamental tool in the study of partial differential equations. We also will
list some basic facts of the theory of pseudo-differential operators without proof.
This will be useful to study smoothness properties of solutions of dispersive equa-
tions.

3.1 Basics

We begin by defining Sobolev spaces.

Definition 3.1. Let s € R. We define Sobolev space of order s, denoted by H*(R"),
as

HER)={f e 7 (R): A =(1HEPPTE) e PR®Y ), G
with norm ||-|[s2 defined as

[flls.2 = 1A*F ]2 (32

Example 3.1. Let n=1 and f(x) = x_;)(x). From Example 1.1 we have that
f(&) = sin(2nE)/(nE). Thus f € HS(R) if s<1/2.

Example 3.2. Let n=1 and g(x) = ¥_1,1* X—1,1](x). In Example 1.2 we saw that

2
. sin“ (2w &)
88)=—+%7""
(m&)
Thus g € H*(R) whenever s < 3/2.
F. Linares, G. Ponce, Introduction to Nonlinear Dispersive Equations, 45
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Example 3.3. Let n>1 and h(x) = e~2*". From Example 1.4 it follows that

I[(n+1)/2] 1
(&)= A 02 (14 €)W/

=)

(3.3)

Using polar coordinates it is easy to see that h € H*(R") if s <n/2+ 1. Notice
that in this case s depends on the dimension.

Example 3.4. Let n>1 and f(x) = 8(x). From Example 1.9 we have gg(é) =
Thus & € H*(R") if s < —n/2.

From the definition of Sobolev spaces we deduce the following properties.
Proposition 3.1.

LIf0O<s<s, then H (R")C H5(R").
2. H*(R") is a Hilbert space with respect to the inner product (-,-)s defined as
follows:

I g H R, then (f.g) = [AF(E)AE)dE.

Rn

We can see, via the Fourier transform, that H*(R") is equal to L*(R";(1+

E[2) dE).
3. For any s € R, the Schwartz space . (R") is dense in H*(R").
4.1f 51 <s<sp, with s=0s1+(1—0)sp, 0< 0 <1, then

sz < IAIS 2071555

Proof. Ttis left as an exercise. a

To understand the relationship between the spaces H*(R") and the differentia-
bility of functions in L?(R"), we recall Definition 1.2 in the case p = 2.

Definition 3.2. A function f is differentiable in L*(R") with respect to the kth
variable if there exists g € L>(R") such that

/‘w—g(x)‘zdxﬁo when h— 0,

where ¢, has kth coordinate equal to 1 and zero in the others.
Equivalently (see Exercise 1.9) & f(&) € L*(R"), that is,

/ 102,00 dx = - [ )9
)

forevery ¢ € C5(R") (Cy(R") being the space of functions infinitely differentiable
with compact support).
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Example 3.5. Let n=1 and f(x) = x_y,y(x), then f =& 1 —3;, where &,
represents the measure of mass 1 concentrated in x, therefore f’ ¢ L*(R).

Example 3.6. Let n =1 and g be as in Example 3.2. Then

dg
(x) = X 20~ %2> andso I

dg 2
—= L (R).

With this definition we can give a description of H*(R") without using the
Fourier transform whenever k € Z*.

Theorem 3.1. If k is a positive integer; then H*(R") coincides with the space of
functions f € L*(R") whose derivatives (in the distribution sense) 0% f belong to
L2(R™) for every a € (ZF)" with |at| =0y +---+ 0, <k.

In this case the norms || f||x2 and Y. ||0% fll2 are equivalent.
lal<k

Proof. The proof follows by combining the formula 5;;‘} (€)= (2mi&)f(E) (see
(1.10)) and the inequalities

6% < g < (1 +1EP2 < X 18°).

o<k
g

The next result allows us to relate “weak derivatives” with derivatives in the
classical sense.

Theorem 3.2 (Embedding). If s > n/2+k, then H*(R") is continuously embed-
ded in CK(R™), the space of functions with k continuous derivatives vanishing at
infinity. In other words, if f € H*(R"), s > n/2+k, then (after a possible modifi-
cation of f in a set of measure zero) f € CK(R") and

[Fllex < es 1]

Proof. Case k = 0: we first show that if f € H*(R") then f € L'(R") with

5,2+ (34)

Il < elifllsz if s> n/2. (3.5)

Using the Cauchy—Schwarz inequality we deduce

7 _ 7 s/ dé
[17@laz = [17@)10+1P) IR
Rll RIZ
1/2
<Irle | [y ) Sl

n
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if s> n/2. Combining (3.5), Proposition 1.2, and Theorem 1.1 we conclude that

1l = NG Nlee < IIF M1 < sl fls2-
Case k > 1: Using the same argument we have that if f € H*(R") with s >
n/2+k, then for o € (Z*)", || <k, it follows that d%f € L' (R") and
105 Fllee < 192 f 111 = 127E)*f Iy < sl l]s.2-
O

Corollary 3.1. If s=n/2+k+ 06, with 8 € (0,1), then H*(R") is continuously
embedded in C*+° (R™), the space of C* functions with partial derivatives of order
k Holder continuous with index 6.

Proof. We only prove the case k =0 since the proof of the general case follows
the same argument. From the formula of inversion of the Fourier transform and the
Cauchy—Schwarz inequality we have

| (x+y |_‘/ 27i(x-& f 2my§ d§|
Rﬂ
. =R 1/2 2mi(y — 112 1/2
< (Jarieprmeieras) ([ oo )"
R" Rr
But

‘eZni(yﬁ) _ 1|2
| trEmymet

<€ o PP e 4 [ TR

-1
b 1 !

’,.n

2 260

<cly| /7(1+ )n+29dr+4/71+ )n+29dr<c\y\ .
0 ly[~!

If [y| < 1 we conclude that |f(x+y)— f(x)| < c|y|®. This finishes the proof. O

Theorem 3.3. If s € (0,n/2), then H*(R") is continuously embedded in L? (R") with
p=2n/(n—2s),ie,s=n(l/2—1/p). Moreover, for f € H*(R"), s € (0,n/2),

1A <

fll2 < el flls,2s (3.6)
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where

D'f=(=4)7f = (rlg]) ).

Proof. The last inequality in (3.6) is immediate so we just need to show the first
one. We define

s —s L\ Cn,s
D'f=g or f=D"g=cps (@g) = |x|,,’_5 * g, (3.7)
where we have used the result of Exercise 1.14. Thus by the Hardy-Littlewood—
Sobolev estimate (2.10) it follows that

Cn,s

I, =10 gl = |58l < ol =clD'f o G8)

g

We notice from Theorem 3.3 that local regularity in H*, s > 0, increases with the
parameter s.
Examples 3.1 and 3.3 show that the functions in H*(R") with s <n/2 or
s <n/2+1 respectively are not necessarily continuous nor C'. Moreover, let f €
L*(R") with
~ 1
T = gD g+ 12D

(which is radial, decreasing and positive). A simple computation shows that f €
HZ(R"),but f¢ L'(R") andso f ¢ L*(R") since f(0)= [f(E)dE =oo.

We have shown that H*(R") with s >n/2 is a Hilbert space whose elements are
continuous functions. From the point of view of nonlinear analysis the next property

is essential.

Theorem 3.4. If s > n/2, then H*(R") is an algebra with respect to the product
of functions. That is, if f,g € H*(R"), then fg € H*(R") with

I£glls2 < esllflls2liglls2- 3.9)

Proof. From the triangle inequality we have that for every &, € R”
(1+[EP)2 <2°[(1+1& =)+ (14 )],

Using this we deduce that
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A% (fg)] = |(1+ €] (F8) (&)l

= (1412 [ 76 ~mpgm)an

R)l
<2 [[1+1E-nP)RIFE-me)
Rn
+ (P2 FE =mEm)]] dn
S 2(|A°f |+ gl + | f] = [A%g]).
Thus, taking the [*-norm and using (1.39) it follows that

Ifg

Finally, (3.5) assures one that if r > n/2, then

s2 = A ()2 < c(IAFl2 N &l + 1 F 11 A %gll). (3.10)

gl < esCl sl El+ 17 1 lgll2) o)
< cs([[flls2llgllrz + £ 1r2llglls.2)-
Choosing r =s we obtain (3.9). O

The inequality (3.11) is not sharp as the following scaling argument shows. Let
A >0and

f(x) = fi(Ax), glx) =gi1(Ax), fi,&1 € L (R").

Then as A T oo the right hand side of (3.11) grows as A°™", meanwhile the left hand
side grows as A°. This will not be the case if we replace || - |2 in (3.11) with the
|| - |o-norm to get that

1F8lls2 < esllflls2l8lleo + 11/ 1l llglls.2) (3.12)

(which in particular shows that for any s > 0, H*(R"”) N L*(IR") is an algebra under
the pointwise product; see [KI12] for the case where s is a positive integer).

When s € Z™T, the inequality (3.12) follows by combining the Leibniz rule for the
product of functions and the Gagliardo—Nirenberg inequality:

198 Fllp < ¢ Y, 1P 7IIg 171 (3.13)
B1=m

with ‘OC‘ = j’ ¢ = c(jamapaQar)’ l/p_J/n = 9(1/q—m/n) + (1 - e)l/r’ S
[j/m, 1]. For the proof of this inequality we refer the reader to the reference [Fm].
For the general case s > 0 where the usual pointwise Leibniz rule is not available,
the inequality (3.12) still holds (see [KPo]).
In many applications the following commutator estimates are often used
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Y o8l flla= Y 198 (ef) — 8¢ fll2
|a|=s lot|=s (3.14)
<cus (IV8lle Yo 1198 fll2+1If ]l ) 197 5112)
Bl=s—1 1Bl=s

(see [KPo]). Similarly, for s > 1 one has

11A%:8) fllz < e (IVglloll A Fll+ 1 £l 1A% L2), (3.15)

(see [KPo]).
Finally, to complete our study of Sobolev spaces we introduce the localized
Sobolev spaces.

Definition 3.3. Let Q2 be an open subset of R”. We say that f: Q — C belongs to
H; (2),s >0, if for every y € C5(R"), we have yf € H*(R"). In other words,

if Q' C Q,then f|o coincides with some element of H*(R") in Q’.
This means that f has the sufficient regularity to be in H*(R").

Example 3.7. Let n =1 and f(x) =x, then f € H () for every s> 0 and
QCR.

3.2 Pseudodifferential Operators

We recall some results from the theory of pseudodifferential operators that we need
to describe the local smoothing effect for linear elliptic systems.
The class §™ = S7', of classical symbols of order m € R is defined by

S" = {p(x,&) € C*(R" xR") : |p|¥] < oo, j €N}, (3.16)
where
IpI§) =sup{|I(&) " 19IP p(-. ) |- (ruxrr) : |0+ B| < j} (3.17)

and (£) = (1+[E)'/2.
The pseudodifferential operators ¥, associated to the symbol p € §" is defined
by

B0 = [ FEpEEE  feSE®). (I

n

Example 3.8. A partial differential operator

P=Y au(x)dZ,

la[=N

with aq € 7 (R") is a pseudodifferential operator P = ¥, with symbol
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Z ag(x)(2mi&)* e SV,

lot| <N

Example 3.9. The fractional differentiation operator defined in (3.1) as AP = Weye
is also a pseudodifferential operator with symbol in SP, p € R.

The collection of symbol classes S, m € R, is in some cases closed under com-
position, adjointness, division, and square root operations. This is not the case for
polynomials in &, and sometimes this closure allows one to construct approximate
inverses and square roots of pseudodifferential operators.

Next we list some properties of pseudodifferential operators whose proofs can be
found for instance in [Km)].

Theorem 3.5 (Sobolev boundedness). Letm € R, p € S and s € R. Then ¥, ex-
tends to a bounded linear operator from H™ 5 (R") to H*(R™). Moreover, there exist
Jj=j(n;m;s) € Nand ¢ = c(n;m;s) such that

12, fllazs < e |plS 1l gmes (3.19)

Theorem 3.6 (Symbolic calculus). Let my, my € R, py € S™, pr € §™. Then there
exist p3 € SMTM=l py e §MAM=2 and ps € S™ 1 such that

IIIPI IIIPZ IIIPIPZ + lIIp? ?
oy Fpy =y Fpy = lP*i{mu??z} +%,, (3.20)
(lPPl) =¥, + s
where {py,p2} denotes the Poisson bracket, i.e.,

n

{p1.p2} = Zl(3.5jp13xjpz—9xjp13.§jp2), (3.21)
=
and such that for any j € N there exist j’ € N and c¢1 = c1(n;my; mp; j), ¢a =
¢a(nymy; j) such that
1315 s 124l g2 St 1[50 (P2l
, ;
sl < calpil§h.

Remark 3.1.

(i)  (3.20) tell us that the “principal symbol” of the commutator [y, ; ¥, ] is given
by the formula in (3.21).
(ii) It will be useful for our purpose to consider the class of symbols S™V = S’fév

defined as p(x,&) € CV(R" x R") such that

|9 <o, with |p|) defined in (3.17). (3.22)
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For N sufficiently large the results in Theorem 3.5 extend to the class SV .

3.3 The Bicharacteristic Flow

In this section we introduce the notion of bicharacteristic flow. This plays a key role
in the study of linear variable coefficients Schrédinger equations and in the well-
posedness of the IVP associated to the quasilinear case as we will see in the next
and the last chapters.

Let .2 = dy,ai(x)dy, be an elliptic self adjoint operator, that is, (aji(x))jx is
n X n matrix of functions aj, € Cy’, real, symmetric, and positive definite, i.e.,

Jv > 0 such that Vx, & € R",
VIR < Y an(Ei& < vIEIR (3.23)
J.k=1
Let A, be the principal symbol of .Z, i.e.,
n
- Y aip(x)éié. (3.24)
Jk=1

The bicharacteristic flow is the flow of the Hamiltonian vector field

Hy, = Z [9g;h2 - Ox; — O - 9 | (3.25)

J=1

and is denoted by (X (s;x0,&0), = (s3x0,&0)), 1.€.,

d
dsX (s3%0,80) = —2 Zajk 53%0,80)) Zk (550, 60),
(3.26)

d _ _
d—:, (s3%0,60) = Z I an(X (s3%0, 0)) Ex(53%0, S0) Z1(s3%0, o)
Ki=1

for j=1,...,n, with
(X(05x0,80), Z(0:x0,&0)) = (x0,0)- (3.27)

The bicharacteristic flow exists in the time interval s € (— 8, §) with 6 = & (xo, &),
and 8(-) depending continuously on (xq, ).
The bicharacteristic flow preserves hy, that is,
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d

ahz(X(S;XO,éo),E(S;XO,'50)) =0,

so the ellipticity hypothesis (3.23) gives
V218l < 1 (s1x0.&0) |12 < V2162, (3.28)

and hence 6 = oo.
In the case of constant coefficients, i (x,&) = —|&

given by (X, £)(&,x0, o) = (xo — 2580, o).
For general symbol /(x, ) the bicharacteristic flow is defined as

2. the bicharacteristic flow is

dX
— =d:h(X,E
75 = % h(X,E)
(3.29)
d=
=—0h(X,%).
s (X, Z)
In applications the notion of the bicharacteristic flow
t = (X (t:x0,80), Z(t:x0,0)) (3.30)

being nontrapping arises naturally.
Definition 3.4. A point (xg, &) € R” x R"\ {0} is nontrapped forward forward (re-
spectively, backward) by the bicharacteristic flow if
IX(7; x0, &o)|| — o0 as 7 — oo (resp,t — —oo). (3.31)
If each point (xg, &) € R” x R" — {0} is nontrapped forward then the bicharac-
terist flow is said to nontrapping.

In particular, if one assumes that the “metric” (ax(x)) in (3.24) possesses an
“asymptotic flat property,” for example,

Co

108 (@ji(x) — 6jp)] < o

ey £(@) >0, 0< o] <m=m(n), (3.32)

then it suffices to have that for each (xo,&p) € R” x R"\ {0} and for each u > 0
there exists f = 7(l; x, &) > O such that

[1X (£ x0, Go) | = 1

to guarantee that the bicharacteristic flow is nontrapping.
The next result shows that the Hamiltonian vector field is differentiation along
the bicharacteristics.

Lemma 3.1. Let ¢ € C*(R" x R"). Then

(Hp,@)(x,6) = 9s[@(X(5:x,5), E(5:x,8))][s=0 = {h2, 9} (3.33)
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Notice that —i{ho,¢} is the principal symbol of the commutator [}, , Wy| (see
(3.20)).

Proof. By the chain rule,

o9 (X(s:x,8),E(s3x,8))] = (V29)(X(s5:x,8), E(s:x,8)
+(Ve9)(X(s3x,6), E(s3x,

= (Vx9-Veho)(X (S ,8),E(s3x,8))
—(Ved - Vihp)(X (s5:x,8), E(s:x,8)).

Setting s = 0, the lemma follows. O

)- 0 X (85x,&)
§)) - 0:E(s;:x,8)

3.4 Exercises

k times

3.1. Prove that /iy (x) = x(_1,1) % * X(—1,1)(x) € Cg_l(R) for any k € Z*.
3.2. Prove Proposition 3.1.

3.3. Let £, : R" — R with f,,(x) = e 2%l
—27 x|
(i)  Prove that fj = fi(x) = (I+2m|x|).
Hint: Use an explicit computation or Exercise 1.1 (ii).
(ii)  Show that fi % fi(x) € C'(R).
(iii) How regularis f; * f, for generaln € N ?

34.Leto(x) =e M, xeR.
(i)  Prove that

O (x)— 0" (x) =26, (3.34)
(a) in the distribution sense, i.e., V¢ € C7(R"),

[0~ ") dx = 20(0)

(b) by taking the Fourier transform in (3.34).

(ii)  Prove that given g € L*(R) (or H*(R)) the equation

(1- )=

has solution f = 1 eI« g € H2(R) (or H*2(R)).
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3.5. Show that if k € Z* and p € [1,), then
Fip(R") = LY(R") N L™(R")

is a Banach algebra with respect to pointwise product of functions. Moreover, if
f,8 € Fip, then

1Fellkp < exlllf]

kopll8lleo + (1 1l lk.p)- (3.35)

Notation:
LY (R") ={f:R" — C:9%f (distribution sense) € L, |ot| < k}

whose norm is defined as

1 lep =3 10%f1lp-

<k

Observe that when p =2 the equality Lf(R") = H*(R") holds.
More generally, we define

LP(R") = (1—A)2LP(R") for s € R, with ||f]l;, = [|(1—A)"2f],. (3.36)

Hint: Combining Leibniz formula with Holder’s inequality we have (assume n = 1
to simplify)

k
» ) ) 1 1 1
1GD®, < X el Dy, 160, with L= 14 L
=0 P Pj  Pjh

Combining the Gagliardo—Nirenberg inequality (3.13)

B, < cllB®NFNRILE, 6 = 8(n,k, jpj).

with Young’s inequality (if 1/p+1/p’ =1 with p> 1, then ab <a”/p+b" /p')
will complete the proof.

3.6. Extend the result of Theorem 3.3 to the spaces L{(R"), i.e., if f € L} (R"),

0<s<n/p,then f € /(R") with s =n (L~ 1), and

1Al < ens D fllp < cus 1 ls.p- (3.37)
3.7. Show that if f € H*(R") and s> n/2, then
1Flle < c[1+Tog(1+[[flls2)]1f /22

with ¢ = ¢(s,n), see [B-Gal.
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3.8. Prove the following particular cases of Gagliardo—Nirenberg inequality:

i) j=1,m=2, p=gq=r aneven integer.
Hint: Use integration by parts.

(11) (najvmapaqve):(37071767271)'
Hint: For f € .7 (R?) use that

d
xy) 1/(97 lya

3.9. (Sobolev’s inequality for radial functions) Let f : R” — R, n > 3, be a radial
function, i.e., f(x) = f(y) if |x| = |y|. Show that f satisfies

FCOI < el G2V £ 2.

3.10. (Hardy’s inequalities (see Exercise 1.5))
(i) Letl<p<oo If feLf(R") then

‘ x|H - pH VIl (3.38)

(i) Letl<p<eo,g<n,andqe|0,p].If f € L(R") then

If ([P PN e
Lo ar< (2 ) v g, 3.39
< () g (3.39)
Rn
Hint: Assume that f € C3(R"). For (i), write ||| - | 7! £||5 in spherical coordinates,

use integration by parts in the radial variable and Holder inequality to get the result.
For (ii), assume p > ¢, and apply (3.38) to |- | ! g(x) with g(x) = | f(x)|?/4.

3.11. Prove Heisenberg’s inequality. If f € H'(R") N L?(|x|>dx). Then

2
A1 < 5 1 £l 195, fl2- (3.40)

Hint: Use the density of .’(R") and integration by parts to obtain the identity

191 == [ 39 (Ir 0P v

3.12. Denote u =u(x,t) the solution of the Cauchy problem associated to the Burg-
ers’ equation without viscosity

{8tu+u3xu:0, (3.41)

u(x,0) = up(x) € Cg (R),
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t,x € R, Prove that for every T > 0
ueC*(Rx[-T,T]) or u¢C'(Rx[-T,T)).

Hint: Use the commutator estimate (3.15) and integration by parts to obtain the next
energy estimate

d
(o)l < cell () olju(®) 2 for all k € Z*. (3.42)

313. Let P(x,dy) = Y aq(x)d% and Q(x,0y) = Y bg(x)d be two differential
\(x|§m1 \a|§m2
operators. Check the properties stated in Theorem 3.6 for P and Q.

3.14. Show that if p = p(x,§) € S” =57, then eP™5) € SO =57 .

3.15. Prove that the bicharacteristic flow in (3.26) (X (s;x0,&o), Zx(s;x0,&0)) satis-
fies

i) X(six0,p &) = X(ps3x0,80)-
(i) Ex(s;x0,p &) = p Zx(p s3%0,0)-

Hint: Use the homogeneity of /i (x, &) = —aji(x) §;&.



Chapter 4
The Linear Schrodinger Equation

In this chapter we will study the smoothing properties of solutions of the initial
value problem

u(x,0) = up(x),

x € R", t € R. These smoothing properties will be fundamental tools in the next
chapters. In Section 4.1 we present general basic results related to the initial value
problem (4.3). The global smoothing properties of solutions of (4.3) that are de-
scribed by estimates of the type L7(R : LP(R")) will be discussed in Section
4.2. In Section 4.3, we study the local smoothing arising from estimates of type
L2 .(R: HIIO/CZ(R”)). We end the chapter with some remarks and comments regard-
ing the issues discussed in the previous sections.

4.1 Basic Results

We begin by recalling the notation (see (1.27))

| /4 .
uy = 67 = (674”21”“’:‘2i£\0)v7 (4.2)

itA
(@dminy2 107

where the constant C,, was defined in (1.17). The identity (4.2) describes the solu-
tion u(x,t) of the linear homogeneous problem

du = iAu,
{u(x,O) = up(x). )

x € R", ¢t € R. In the following examples we will illustrate some of the properties
possessed by solutions of IVP (4.3).

F. Linares, G. Ponce, Introduction to Nonlinear Dispersive Equations, 59
DOI 10.1007/978-0-387-84899-0_4,
© Springer Science+Business Media LLC 2009
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Example 4.1. Consider the Gaussian function ug(x) = e mhi?, Using Examples 1.3,

1.11, and Exercise 1.2 we find that the solution of the IVP (4.3) is given by

() = (¢ (@)
_ (ef(1+4m't)7r\1§\2>v
“4.4)

o (-ﬂIXI2>
(1 +4miy2 <P\ T+ dmir

o m|x|? 4m%it|x|?
= (1+47it) ™ 2exp ( — ) ( )
(1+4mir) e"p( 1+16222) TP\ 1T 167222

Notice that when z >> 1 and |x| < ¢ the solution is bounded below by ct™/2 and
oscillates for |x| > ¢'/2, but if x| > 7 the solution decays exponentially. Moreover,

Cr "y (x) < |ulx,0)] < et ™2, 4.5)

<t}

which is the expected behavior of the solution in order to have its L?(R")-norm
independent of .

Example 4.2. We can write the solution of the IVP (4.3) as

ei\xfy\z/4t

—Ar2it|E2 ~ \V
M(XJ): (e Amcir €| MO) (x):/wuo(y)dy
Rn
ilx|? /4t
_ ¢ —2ivy/4t ,ily* /4t d 4.6
(47rit)"/2/ e M0 dy 0
Rn
ol /4 —

R NE (L)
(2mit)n/2 (e uo) Ant
Thus, if ¢; = (4mit)"/?,

cre P () = (P o) (). @D

Notice that if ug € Co(R") from (4.7) we deduce that for any r € R\ {0} and any
£>0,u(-,1) ¢ L' (¢fMdx). In particular, if  # 0, u(x,) has an analytic extension to
C" (see Exercise 4.4).

Example 4.3. This example describes the propagation of oscillatory pulses. Now we
take up(x) = %0~ xi € R". From Example 1.3 and (1.4) we have up(§) =
e E=x0/271* Thys using Example 4.1 we obtain
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u(x,t) _ (e—4ﬂ2it(\5—x0/27'c|2+2(§—x0/27r)~x0/271+|x0\2/4ﬂ2) e—ﬂ\é—xo/2n|2)\/

— (1, (e PiEPH2E 0/ 2w 47) oS )

x0/27
_ —i2E-xg ,—itlxo[> ,—(1+4mit) x| € \\V
= (1, e (€750 @7 iROF o (HHATITIEE .8)
_ eix0~x,.L.2 (e—it\xo\z e—(1+47tit)77:|§\2)\/
Xot

—1T|x— 2rxo\

_ eixo-xefit\xolz(l +47Ell) 1/2 (T+4mir)

where 7 is the translation operator (see (1.4)). In other words, the solution of the
IVP (4.3) with data ug is given by

u(x,r) = ™ e il u(x—2txp,t), (4.9)
where u denotes the solution of the IVP (4.3) given in Example 4.1.

In the next proposition we list several solutions of (4.3) obtained through the
invariance of the equation.

Proposition 4.1. If u = u(x,t) is a solution of (4.3), then

i (x,1) = eu(x,r), 6 cR fixed,
up(x,1) = (x Xo,t —to),withxg € R", tp € R fixed,
us(x,t) = u(Ax,t), with A any orthogonal matrix n x n,
ug(x,1) = u(x —2xg1,1) 00l it xo € R" fixed,
us(x,t) = A" 2u(Ax,2%1), A € R fixed,
2
o) = (o0 + ot )/2 cxp [4(§)fa)t)] u((zi?ott’ af(m)’ @6 -or=1,

also satisfy the equation (4.3).

In (4.2) we have used an exponential formula to describe the solution of the IVP
(4.3). To justify this formula we state next some properties of the family of operators

{ eitA };ozwm
Proposition 4.2.
1. Forall t € R, ™ : L2(R") s L*(R") is an isometry; which implies

A
e £1l2 = 11 £1l2-
2. itApit'A — Li(t+")A | i (eitA)—l — o itA — (eitA)*.
3. €0 =1,

4. Fixing f € L*(R"), the function ®;: R — L*(R") defined by ®s(t) =" f is
a continuous function; i.e., it describes a curve in I? (R™).
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Proof. The proof is left as an exercise. O

In general, a family of operators {T;};>_., defined on a Hilbert space H which
satisfies properties (1)—(4) in Proposition 4.2 is called a unitary group of operators.

Example 4.4. Define L; : L*(R) — L?(R) by the formula L, (uo)(x) = up(x +1).
It is easy to see that {L,};> _,, is a unitary group of operators, which describes the
solution u(x,7) = L, (up)(x) of the problem

ot = dyu,
u(x,0) = uo(x),

t, xeR.

The next result of M.H. Stone, characterizes the unitary group of operators.

Theorem 4.1 (M.H. Stone). The family of operators {T, };>__., defined on the Hilbert
space H is a unitary group of operators if and only if there exists a self-adjoint
operator A (not necessarily bounded) on H such that

T = it (4.10)

in the following sense: Consider D(A) the domain of the operator A, which is
dense in H; if f € D(A), then we have

i Lf—-f _
1m =
t—0 t

iAf. @.11)

In other words, if f € D(A), then the curve @y defined in Proposition 4.2 (4) is
differentiable in t =0 with derivative iAf.

For a proof of this theorem we refer the reader to [Yo].

The operator A in Theorem 4.1 is called the infinitesimal generator of the unitary
group. In (4.2) the operator A is the Laplacian A with D(A) = H*(R"). In Example
4.4 we have A = —i% and in this case, formula (4.10) can be interpreted as a
generalized Taylor series.

Now we establish the properties of the group {e”41% __ inthe L”(R")-spaces.

—oo

Lemmad.l.If t #£0,1/p+1/p' =1 and p' €[1,2], then we have ¢"®: LV (R") —
LP(R") is continuous and

e £l < cle| 0P £ (4.12)
Proof. From Proposition 4.2 we have that
eitA . L2 (Rn) — L2 (Rn)

is an isometry; that is,

itA
"2 fll2 = [l£1l2-
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Using Young’s inequality (1.39), we have

6 o = o )
e o — n—F——% oo
/ \/ (4mit)n /
el /4 a2
< Gl <l 211

Combining these inequalities with the Riesz—Thorin theorem (Theorem 2.1), we
obtain

. , 11
" LV (R") — LP(R") with —+— =1,
p

14
and
le™ 1l < (ele[ 2| £ll,y = ele| 2P VP £,
where
l:g and l—Gzl—g:i—l‘
p 2 p P
Thus the lemma follows. a

This result says that if f € L>(R") decreases fast enough when |x| — e such
that f € L'(R"), €' f, t # 0, is bounded and more regular than f. In general,
decay on the initial data f is translated into smoothing property of the solution
¢ f (see Exercise 4.3).

Note that e with ¢ # 0 is not a bounded operator from L?(R") in LP(R") if
p#2,ie., m(E)=e il isnot an L” multiplier for p # 2 (see Definition 2.8).
In fact, if it were bounded for p # 2 it would be bounded also for p’ by duality.
Then, without loss of generality, we can assume p > 2. Using (4.12) we have that
forall fe LV (R")NLP(R") C L2(R")

111y = lle™e A 1l < colle™ fll, < coc )£,

which is a contradiction.
Next proposition will help us to understand the regularizing effects present in the

group {e"™}2 ...

Proposition 4.3.

1. Given ty # 0 and p > 2, there exists f € L*>(R") such that "4 f ¢ LP(R").

2. Let & >s5>0 and f e H*(R") such that f ¢ H* (R"). Then, for all t € R,
¢ f e HS(R") and €' f ¢ HY (R").

Proof. To show (1) it is enough to choose g € L?(R") such that g ¢ LP(R") and

take f=e "0Ag,

The statement (2) follows from the fact that {4 }eo .. is a unitary group in
H*(R") forall s €R since
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e flls2 = 1A% ("4 f)ll2 = €™ (A*f)ll2 = [A°£ll2 = |1 lls

Therefore, if ¢ f € H(R") then f=e "4 (e"4)f € HO(R").

4.2 Global Smoothing Effects

The next result describes the global smoothing property of the group {12 .

Theorem 4.2. The group {e" ) satisfies:

7 . 1/q
([ e pigar) ™ < el

oo oo

([1 [ e gtnarfsar) / I (o)l e

and _ B
itA J 1/q
| ] ety <e( [ lsColydr) ™,
with 5
2<p< " if n>3
n—2 d 2 n n
; an -_= - — —
2<p<e if n=2 7 2
2<p<e if n=1

where ¢ = c(p,n) is a constant that depends only on p and n.

From here on we will always use the notation

1 1 1 1
*+*/:*+*/:1-
p D q9 4

Proof. Fubini’s theorem gives us that

J ot [ o | #2s0)

—oo RN —o0

Therefore, using duality,

)

(4.13)

(4.14)

(4.15)

(4.16)
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([ weagar)”
= sup ‘//hxt xtdxdt /||w |qd q’:1}

_ooRn

we can show that (4.13) and (4.15) are equivalent. An argument due to P. Tomas
implies that

= oo

H/e’mg(-,t)dtH;:/(/we’mg(- t)dt)(/e”’Ag(-,t’)dt’) dx

—o0 —o0

—//gxt /e (t=1)A g(~,t’)dt’)dtdx.

R —oo

4.17)

From these identities we obtain (using again an argument of duality and Holder’s
inequality) the equivalence between (4.14) and (4.15). Therefore the problem is
reduced to prove (4.14).

Minkowski’s inequality (1.40) and Lemma 4.1 give

=

H / ei(tfz/)Ag(,J/)dt/H / He i(t—t") det

—o0

(4.18)
1 !/
<c / el di

with a = (n/2) (1/p' —1/p).
Inequality (4.18) and Theorem 2.6 (Hardy-Littlewood—Sobolev) imply

=

N ot 1/
([ 1] étmgtar|oan)™
N T o\ Ud
<ell [ ppalet-Ollyarly <e( [ st ar)

with 1/¢'=1/g+(1—a) and 0<1—a < 1,thatis, n/2=2/g+n/p, where

2n
2 if n>3
n—2 nn=
2<p<oo if n=2,
2<p<oo if n=1.

The result now follows. O
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In particular, this theorem tells us that if f € L?>(R"), then "4 f € LP(R"),
for some p € (2, p(n)) for almost all time ¢ € R, with p(n) depending on the
dimension. For instance, if n =1, p(1) =0, and g =4, then for f € L*>(R) we
have

oo

) 1/4
([lepiar) ™ <elisle

—o0

which implies that ¢4 f € L*(R) for almost every ¢. Note that this fact does not
contradict Proposition 4.3.
Notice that the same proof in (4.17)—(4.18) also shows that

ot

([ et iargar) / la0lar)

oo 0
and a simple argument leads to

t oo

supl| [ g(etYarl < o [ gl
teR :
0

—oo

(for a general argument see [CrK]).

Corollary 4.1. Let (po,qo), (p1,q1) € R? satisfying the condition (4.16) in Theo-
rem 4.2. Then for all T >0 we have

T ¢ y . »
q1 / q
([l [ e atararpan) ™ <e( [listogpar) ™.
0 0 0

with ¢ = ¢(n, po, p1)-

Proof. By hypothesis the points (pg,qo) and (p1,q1) are in the segment of the
line connecting P = (1/2,0) with Q = (1/p(n),n/4 —n/2p(n)). So p(n) = e if
n=1,2, and p(n) =2n/(n—2) if n > 3. Therefore, without loss of generality we
can assume pg € [2,p;). Combining inequalities (4.14)-(4.15) in Theorem 4.2, we
obtain the following inequalities:

T

T t
(/H/el(t—t)Ag(_’t/)dt/HZ]ldt) q1 <ec (/” ( )”q]d) q
0o 0

0
and



4.3 Local Smoothing Effects 67

t t
sup H /ei(t_;’ dt Hz sup HeztA /e_itlAg(~,t/) dt'||2
[0,7] 0 [0,7] o
7zt A ql /q,l
sup|| Ndt H2<c ||g | d .
0,7]
Using these estimates and Holder’s inequality we have
T ¢
it /qo /‘11
([11 ] émgt.maroar) /||g Ol ai)
0 0
To finish the proof, an argument of duality allows us to write the inequality
T ¢ / Vd
i(t—t' q1 90
([1I ] egtryar|orar) / g% dr) .
0 0
This yields the result. O
4.3 Local Smoothing Effects
In this section we study the local smoothing effects of the group {e4}:> . .
Theorem 4.3. If n = 1 then
sup /|D}/2efmf(x)\2dt < c||f|2. (4.19)
X
If n>2,thenforall je{l,...,n}
sup Dy f(x) Pdx . odxjodxen - dodi < | f13 (4.20)

Rn

where D)lcj/zg(x,t) ((2m|&j)'/?8(& 1)) (x,1) denotes the homogeneous derivative
of order 1/2 in the variable x;.

Proof. We begin considering the case n = 1. So

~

Dy f = c(|g|!2e IEL F())Y
— c(|E["2e MR £ (£))Y 4 c(|E] /e HIEP £ (£))Y,
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where fi(*;') = xRif(i). Thus, it is enough to show (4.19) with f, replacing
f. Using the change of variables 2m&2 = r, Plancherel’s theorem (1.11) and the
inverse change of variables & = +./r/27 , we obtain the following identities:

o oo

/‘DI/Z ltA _C/|/‘5|1/2 meé —4r ,@2’\ d§| dt

—o0 —oo

r “2nitr in/2Ar 7 r\dr

|/r1/4e 2mitr, \/ﬁf+<\/;)rl/2‘ dt

0

’e’“/ﬁf (\/;> 1/4| dr= /|f+ E)PdE =c|f+l3,

which prove (4.19). Moreover, when f has supportin [0,00) or (—oo,0], inequality
(4.19) becomes an equality.
To prove (4.20), we fix j = 1 to simplify the notation. We then define fi(é)
xr+ (&) f (é) Without loss of generality we prove (4.20) with f replacing f.
Denote X = (x2,...,x,) and & = (&,...,&,). The change of variables

=C

°\8 5‘3\8

C

&1 &nen &) = (6,8) B @n(EF+--+ED),8) = (18),
ar or ar -1

[ e o _
dgaé=|| 0 1T ... 0 drdé = drdé,
: o an |§1|
0o 0 ... 1
Plancherel’s identity (1.11) and the change variables ®@~! yield
HD1/2 1tAf HL _CH/ 27rx.§‘5 |1/2 7471:21t|§‘2/\ déan
Rﬂ
= | [ e e VIR £ anaE |
1 Xt
R)l

/ eI (5 O ard = el1F 13y = ell I,

which proves (4.20). a

Corollary 4.2.
7 . 12
([ ] ipiPesspearar) ™ < cr 2|, @21
o {Ix|<R}
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1/2 ~
where DY *v(x,1) = ((27|E)\/29(E,1))".
Notice that combining this result with the translation invariant property of the

solution one gets

oo

| ‘ 1/2
swp (o [ [ e pwoPdrar) T <l

xo€R", R>0
o= —%Bg(xo)

Proof. If n =1, inequality (4.21) follows from (4.19).
Consider the case n > 2. Defining D; = {& e R": |§;] > ﬁ|§|}, with j=

1,...,n. Itis easy to see that 'Lnjl Dj=R"—{0}.Let {¢;}]_; be a partition of unity
j=

subordinate to the covering {D j}’]?zl (the ¢; can be defined in the sphere S"! and
extended such that they are homogeneous of order zero). Using linearity it suffices
to show that

~1/2

" f(x) [ dxdt < cR|Dx " I3 = eR|1E] 7 5.

—{lx[<R}

From (4.20) we obtain for all j=1,...,n,

oo

|4 g(x)[2dxdr < cR|| Dy, gl3.
—={lxI<R}
Therefore, using the notation f, = fd) i, j=1,...,n, we conclude
/ / e £1?(x) dxdt <cZ / / e f1]?(x) dxdt
“e {lx{<R) e <Ry

n
—-1/2 2 —127 2
<cRZ||D Pril3=cRY 11EI2F13
Jj= j=1

=cR Z &2 95113 < cRIEI 213

—1/2

2
=cR[D: 1z

O

From Corollary 4.2 and the group properties we deduce that if f € L>(R"), then

el fel? (R:H, 1/2(R")) and thus €4 f € Hllo/cz(R”) for almost every ¢ € R.
On the other hand, from (4.19) (case n = 1) using duality we have



70 4 The Linear Schrodinger Equation

o

|\Dl/2/ FAF (i )dt|\2<c/\|F |2 dx. (4.22)

—o0

Similarly, from (4.20) we obtain the corresponding inequality for the case n > 2.
For solutions of the inhomogeneous problem

{8,u—iAu+F(x,t), 4.23)

u(x,0) =0,

x € R", t € R, we observe that the gain of derivatives doubles that in the homoge-
neous case.

Theorem 4.4. If u(x,t) is the solution of problem (4.23), then, when n =1 it
satisfies

oo

sup(/ |8xu(x,t)|2dt>1/2<c/m (7 |F(x,t)|2dt)1/2dx, (4.24)

—o0 —o0  —oo0

and in the case n>?2

12 12
sup /|a u(x,t) Py <c/ /|F 1) Pdpydr) ' dx;, 4.25)
— o0 ]Rn

where dli; = dx ...dxj_1dxji1...dx,. Therefore in the case n > 2 we have that

r 1/2 = /2
Sup(/ /|8xu(X,t)|2dtdx) /Scz (/ /|F(x,t)|2dtdx> ? (4.26)
¢ Qa == « Qq —

where {Qq}aeczn denotes a family of disjoint unit cubes with sides parallel to the
axes and covering R”.

Proof. We only sketch the proof in the case n = 1. Using Exercise 4.12 in this
chapter we have that

2mig G2 _ —ATRI|E ey 2minE 7
— ! F déd
u(x1) //4ﬂ21|§\2+2mr( ¢ Je (§,7)dbdr

27iTt ~
// . 2mi& e PPEF(E 1) dEdT

4n2i|E|? 4 2mit

2mié e—47r i€t it
X d d
//47rzz|<§|2+27m' (G, )dedr

= oyuy (x,1) + dyup (x,1),
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where F represents the Fourier transform with respect to the variables x,#, and
since the numerator in the first integrand vanishes on the zeros of the denominator
the integrals in the second equality are understood in the principal value sense. Using
Exercise 1.17 we have that

2mi& V&) w02

Plancherel’s identity (1.11), Young’s and Minkowski’s inequalities, (1.39) and
(1.40), respectively, imply that for all x € R,

/\8 up (x,0) dt —cH/eZ””’/Kx %, 7)F(y,7) dyd’L'H2

=

=l [ Ko OOl

<o [ 1FO0 My <c [ 170

which proves

sup /|au1xt)\2dt §C/ /|Fxt|2dt dx.

—oo

On the other hand, we have that
iz (x,1) = Dy 2" G(x),

where

o [sen(f) [E|'VPF(E, )
G(é)ic/ 42| |2 + 2mit dt

A simple computation and (1.18) shows that

( 1 / —2mitt it (t) 747r2i\§|2t
N ——F — e r o~ = sgn e .
P 47t2i\§|2+2m1: 4%21|§|2+2m g

Therefore, using (4.19), (4.22), and Plancherel’s identity (1.11), we infer that
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127
p /\8xu2xt|dt H/sgn )IEI2F(S,7)

4n2i|E|* +2mit HZ(&)

= || / e IR sgn (&) |E[V2F (&.1)sen(r) dr |

N Vv
:CH(/ eSDYHE(, 1) sen(n)dr) [y,

oo

—c||Dl/2/ SHE (1) sgn(r) dt |,

gc7(7|F(x,t)|2dt)l/2dx,

where H denotes the Hilbert transform (see Definition 1.7). This leads to the result.
O

4.4 Comments

The first result concerning smoothing effects for the particular group {e4}%
or for general group of unitary operators was obtained by Kato in [K1]. In this work
on theory of operators, Kato introduced the notion of A-regular and A-super regular
operators.

Let A be a self adjoint operator (not necessarily bounded) defined on a Hilbert
space H such that the resolvent of A, R(A) = (A —A)~!, exists forall A € C
with #mA # 0 and let L be an operator of closed graph with domain D(L) dense
in H.

Definition 4.1. We say that the operator L is A-regular (respectively, A-super regu-
lar) if for all x € D(L*) and for all A € C with %m A #0,

| Am < R(AL*x,L*x > | < c|x|?

(respectively, | < R(A)L*x,L*x > | < cr|jx||* ), where the constant c is independent
of x and A.

The following theorems establish the relationship between the notion of A-regular
operator and the type of results described in this chapter .

Theorem 4.5 ([K1]). The operator L is A-regular if and only if for all x € H

/ L™ x| di < c||x].

—o0
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In particular, ¢™x € D(L) for almost every t € R.

Theorem 4.6 ([KY]). Let L = L;, be an operator of multiplication by h with h €
L'(R") and n>3. Then Ly, is A-super regular.

Theorem 4.7 ([KY] see also [BK1]). Let L be the operator
(1 + |x|2)—1/2A1/2 _ (1 + ‘x‘2)—1/2(1 7A)1/4
with domain C (R") and n > 3. Then the closure of Lis A-super regular.

Combining Theorems 4.5 and 4.6, we have that if f € LZ(R”) with n > 3,
then e f € D(L;,) for almost every ¢ € R. When h ¢ L*(R"), then D(Lj) is a
set of first category in L*(R"). These results neither imply nor are consequence of
estimate (4.13) in Theorem 4.2.

Later on, Strichartz [Str2], motivated by the work of Segal [Se], studied special
properties of Fourier transform. He proved that

s n/2(n+2)
( / / et f\z("”)/"dxdt) <clfllo- (4.27)

—oco RN

In his proof he uses previous results of Tomas [Tm] and Stein [S1] regard-
ing restriction theorems (and extension) of the Fourier transform. More precisely,
Strichartz uses the fact that

e’mf(x) _ / €2nix--§e—4n2it\§|2]’c‘(€)dé

Rn
_ /827ri<(x.,t);(§vf)>g(§,T)dG(é,T):@77
R+l

where g is a measure supported on M = {& = (£,7) e R"!: 1= —2x|&[?} with

o~ ~

density f(£) and do(§) =d&.
Similarly,

eAf(E ) = [ eI E ) dr — FE) 8(c -+ 211,

where ~ denotes the Fourier transform with respect to both variables: space x and
time ¢. In other words, the Fourier transform in the variables (x,7) of the solution
¢ f(x) is a distribution with support on the parabola T = —2x|&|%. Thus inequal-
ity (4.13) is a result of extension of the Fourier transform of measures with support
on this parabola. Similarly, we can see (4.15) as a result of restriction because using
the Fubini theorem and the Plancherel identity (1.11) we have,
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=

| @tnrarly=| [ (] &= aiee)al,

Zoo R
_ H/‘eZm‘xé(/‘ 674”2it‘€‘2§(€,t)dl‘) dg Hz _ || g(g,_zn“’:‘Z)Hz
Rn

—o0

The proof presented in Section 4.2 is due to J. Ginibre and G. Velo [GV1] (see
also [M], [P1]).

The main point in the proof is the curvature of the symbol in M and not the
ellipticity of A. In particular, the same inequalities (4.13), (4.14) hold when we
replace A by

ax21_|_...+82 Qfm .8X2n, for some je{l,...,n}.

The curvature of the symbol T = |£|? is reflected on the decay estimates (4.12)
in Lemma 4.1. In fact, the results in Theorem 4.2 are true for any unitary group
satisfying decay estimates of the type described in Lemma 4.1. Thus, in partic-
ular for the linear problem associated to the KdV equation (1.28) we have that

the unitary group V (¢)vo = (e i1 &% 5 Vo)V describing the solutions satisfies for any
(6,a) €10,1] x [0,1/2]

1DV (1ol 2n-o < et 2@ lvoll ayrso (4.28)

Therefore the argument used in Theorem 4.2 shows that for any (0, &) € [0, 1] x
[0,1/2],
1DV (1)vol| 9 g 17 ) < €llvoll2. (4.29)

where (q,p) = (6/6(ax+1),2/(1 —0)). Notice that in (4.29) there is a possible
gain of 1/4 derivatives. Roughly speaking, in general this gain is equal to (m —2)/4
where m is the order of the dispersive operator (see [KPV2]).

In the case of the wave equation

Pw = Aw,
w(x,0) =0, (4.30)
8,w(x,0) - g(x)v

x €R", t € R", whose solution

wir) =g = (i a))’

(see (1.48)) is associated to the unitary group M(r) = (¢2%I51 g}V we have the decay

estimate
n—1)(5— L,

U @8l gy < et D%l 4.31)

7 (R")
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with . |
Ot:n;fnJr , 28 p<oo, n2>2.
2 )4
From this we can deduce the equivalent to Theorem 4.2:
(=) AU (1)gl 0 1 gy < €8]l (4.32)
Where 1 2 1 1 1
2<g<oo, —— = —, and p="_ _nt
2 (n=lg p 2 p

(see [M], [P1]).

As we mentioned above the decay estimates (4.12), (4.28), and (4.31) are related
to the “curvature” of the symbols 7 = |£|?, 7= &>, and 72 = ||?, respectively.
Observe that in Examples 4.3 and (4.30) the symbol is a surface of dimension n
with nonvanishing curvature in n and n — 1 directions (rank of the Hessian).

The limiting case for the inequality (4.13) in dimension n = 2 (i.e., (¢,p) =
(2,00)) fails (see [MS2]). Similarly the limiting case of the estimate (4.32) for
the wave equation in dimension n = 3 (i.e., (g, p) = (2,0)) fails (see [KIM]) al-
though both hold in the radial case; see [Tol] for the Schrodinger equation and
[KIM] for the wave equation. In [KT1] the limiting cases in higher dimension were
proved to hold in both cases, i.e., for the Schrodinger equation (4.13) holds for
n>3,(q,p) =(2,2n/(n—2)), as well as for the wave equation in (4.32) for n > 4,
(¢:p) = (2,2(1—1)/(n—3)).

The problem of finding the best constant for the Strichartz estimate (4.13)

c(n;p) =c(n;p;q) = sup (/7 ||ei’Au0|\Zdt)l/q (4.33)

luglla=1 -

as well as its maximizers, i.e., the up € L>(R") for which the equality (4.33) holds
with (p,q) as in (4.16) was considered in [Fs]. There it was shown that for the case
n=1,2and p=q=2+4/nonehas c(1;6) = 127 /12 and ¢(2;4) = 2~ '/? with the
maximizer up to the invariant of the Schrodinger equation (see Proposition (4.1))
equal to cne_Mz, n=1,2. Also in [Fs], the same problem was settled for the case of
the wave equation (4.30) in dimension n = 2,3 with p =g =244/(n—1). Similar
results for the remaining cases are unknown.

Corollary 4.1 was proved in [CzW1]. For further results in this direction we refer
to [Vil].

Concerning the decay of the free Schrodinger equation, on one hand, one has that
if uy € C3(R"), then for any 7 # 0 and any € > 0, ¢"®uy € .7 (R") — L' (e dx)
(see Exercises 4.3 and 4.4). On the other hand, Example 4.2 tells us that solutions
corresponding to Gaussian data exhibits a global Gaussian decay. In [EKPV 1] it was
shown that given uy € ./ (R") the following conditions are equivalent:

. . it 42
@) There are two different real numbers #; and t,, such that iy € L2 (e Il dx)
forsome a; >0, j=1,2.
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(i) up € L*(e "“zdx) and ity € L?(e” Mzdx), for some b; >0, j=1,2.

(iii) There is v : [0,+00) —> (0,oo), such that euy € L2(e" 1 dx), for all
t>0. .

(iv)  up(x+iy) is an entire function such that |ug(x+ iy)| < N e~ +2D" for some
constants N, a, b > 0.

(v)  Thereexistd,&>0and h € Lz(e£|"‘2dx) such that ug(x) = €34 h(x).

It was also established in [EKPV 1] that if one of the above conditions holds then
for appropriate values ¢, f > 0 the function

W2
f(t) = [|e(@B? e ug||

is logarithmically convex. In particular, one has that

£(0) < £0)°0 £(1)! 700,

with 6(r) = B(T —¢) /(T (ar+ B)) forall r € [0,T].

In [EKPV1] the constants used above were described in a precise manner as a
consequence of (4.7) and the following result due to Hardy (see [SS]): if f(x) =
O(e ™) and £(£) = O(e ™B%%), with A > 0, B> 0, and AB > 1, then f = 0.

Extensions of these results to the case of Schrodinger equation with potential as
(4.34) below depending on x or on (x,t), i.e., V = V(x,t) as well as application to
unique continuation properties of semilinear Schrodinger equations were given in
[EKPV2].

Consider now the Schrodinger equation with potential

{i8,u =Au—V(x)u, (4.34)

u(x,0) = up(x).

Assume first that the potential V = V(x) is real and regular enough such that
L =A—V is self adjoint.

In [JSS] under appropriate assumptions on the decay of the potential V(x) at
infinity it was shown that (assuming that O is neither a bound state eigenvalue nor a
resonance of L)

le" AP fllee < et fll n23,

where P, denotes the projection on the continuous spectrum of the operator L.
Extensions of this result in dimension n = 1 where given in [Wd] and [GSch] and in
dimension n = 2 in [Scl]. Time-dependent potentials have been largely studied (see
for instance [RS]).

For conditions on the potential V' that guarantee the extension of the local
smoothing effect described in Corollary 4.2 to solutions of the IVP (4.34) see [RV],
[BRV].

Local-in-time extensions of Strichartz estimates to the variable coefficients case
where the Laplacian A is replaced by an elliptic operator of the form
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L = 0y aji(x,1)0y; + dy bi(x,1) + by (x,1) 0, +V (x,1) (4.35)

have been considered in several works. In [StTa] Staffilani and Tataru established
these estimates under the assumptions: b; =V =0, (ai(x,7)) a compactly supported
perturbation of the Laplacian and a nontrapping condition on the bicharacteric flow.
Extensions of this result under appropriate hypotheses on the “asymptotic flatness”
and the nontrapping condition of the coefficients aj; were given in [MMTa], [RZ],
[Td]. The one-dimensional case was considered in [S1].

Next we will briefly treat the periodic case:

idu = d*u,
{u(x,O) =up(x), (430

xeSx...xS resh.
Theorem 4.8 ([Z]).

(=) X (=) 1/2
|| Z akel(tk2+kX) HL4(’]1‘2) <c ( Z |ak‘2> , (437)
f—

where (x,t) € S! x S! = T2,
Note that u(x,t) = Zakei<’k2+kx) is the solution of the periodic problem (4.36)
k

for n=1 with up(x) = ¥ aze’*.
3

Proof. I u(x,t) = %akei(t"2+kx), then Hu||i4(1,2) = ||u~ [ ;2(p2). It is easy to see that

i 2 2
Uil = Z|ak‘2+ Z akldkze’((kl ko )x+(ky kz)t>.
k ki ks

If we fix [ = kj —ky and L = k% —k% we have at most one pair (kj,kp) of
solutions of these equations. So, we can conclude that

1/2
u-llo = Yl + (Y law, i, )
k

ky#ky
2 2 2 1/2 2
< Ylaxl+ (Llan PY laeP) =2 ¥ il
k k ky k

O
We observe that for the case n =1 the corresponding inequality to (4.27) in R

is true with p = 6. So the next question is natural: Is the inequality (4.37) still true
if we substitute 4 by 6? The answer is negative. In fact, one has that

N
H Y eflhctin) > (logN)/ON'/2, (4.38)
k=1

L5(T2) ™
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N .
Soif ¢ = ¥ €, then ||¢||, = N'/2, which combined with (4.38) implies that
k=1

itA
"1l 2002 ey = clloll (4.39)
fails forn = 1.

Nevertheless, Bourgain [Bol] proved that there exists a constant c¢o > 0 such
that forall € >0and N € Z™ we have

. 12
|| Z akel(tkz-‘rk)f) ||L6(T2) S C()NS ( Z |ak‘2) . (4.40)
[k|<N k| <N

It is an open problem to determine if the inequality can be obtained in the interval
(4,6). More precisely, it was conjectured in [Bo2] that

i . 2(n+2
16 9llsgonen, <ol if g < 22, @41)

and assuming supp ¢ C B(0,N)

n+2

. n_ . 2(n+2
1646 ygznn, < N5 g if g > 22

(4.42)

hold. In this direction some partial results are gathering in the next proposition.

Proposition 4.4 ([Bo2]).

1. For n = 1,2, inequality (4.42) holds.
2. For n > 3, inequality (4.42) holds for g > 4.

For details see [Bol] and [Bo2].

The extension of Theorem 4.8 to other compact manifolds (i.e., L’—L? estimates
for the Schrodinger flow on manifolds) has been recently studied by Burq, Gérard,
and Tzvetkov [BGT3].

In the particular case of the 2-dimensional sphere S? they proved that

) r/q 1/q
(/(/ |e”Auo(x)|qu) dt) < crlluolli/p.2; (4.43)
Sz

1

where / is a finite time interval and || - ||/, » is defined as in (3.36), for every admis-
sible pair in (4.16) Theorem 4.2 with n =2, i.e.,

1 1 1

P2 q
Roughly (4.43) gives a gain of 1/2 derivatives with respect to the Sobolev em-
bedding (Theorem 3.3),
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| 1 1
luolly < ol 2 with - =n(5 ).

The local smoothing effect studied in Section 4.3 was first established by T. Kato
[K2] (section 6) for solutions of the Korteweg—de Vries equation

du+u+udu=0 (4.44)
u(x,0) = up(x).
t, x € R, More precisely, Kato proved the following inequality
T R
) 1/2
(] [10wtenPaxdr) ™ < (7.8 2 445)
~T—R

which is the main ingredient in the proof of existence of weak solutions of (4.44)
with initial data uo € L*(R) (see [K2]). In [KF], Kruzhkov and Faminskii inde-
pendently obtained a similar result to that described in (4.45). Later on and simul-
taneously Constantin and Saut [CS], Sjolin [Sj], and Vega [V] proved that the esti-
mates of the type in (4.45) are intrinsic properties of linear dispersive equations. Let
P(&) be the real symbol associated to the operator P(D). Suppose that at infinity
P(E) ~ |E|*, for a areal positive number, and u(x,1) = ""(P) yg(x), then

1/2
// @V Pdvdt) < e(TR) uole (446)
<R

In particular, inequality (4.46) implies that if uy € L?>(R") the solutions ¢/"(°)

Hl(ooé b/2 (R™) for almost all z. Notice that this gain of derivatives is a pure dispersive
phenomenon, which cannot hold in hyperbolic problems.

The version of the homogeneous smoothing effect given here (Theorem 4.3) is
taken from [KPV3] (see also [LP]). The inhomogeneous smoothing effect version
described in Theorem 4.4 was first established in [KPV3]. Observe that the gain of
derivatives here doubles that in the homogeneous case.

It is interesting to note that in [CS] the authors extended Kato’s result (4.45) to
linear dispersive equations. In contrast, in [Sj] and [V] inequality (4.46) with ot =2
appears implicitly in the study of the following problem introduced by L. Carleson:
Determine the value of s such that the following limit exists in H*(R"):

Uy €

lif(l)’l e ug (x) = up(x) for almost every x € R". (4.47)
t

In the one-dimensional case n =1 we have that s > 1/4 guarantees (4.47) (see
[C]) and this is the best possible result (see [DK], [KR]). For the case n =2 and

n > 2 the best results available asserting (4.47) are s >2/5 (see [To2]) and s > 1/2
(see [Sjl, [V]). The conjecture is s > 1/4 in all dimensions.
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The original Kato’s proof of the smoothing effect (4.45) was based on an energy
estimate argument. Let us consider the linear problem (4.44) with data uy € L*(R).
Then multiplying the equation by u(x,#)@(Rx) = u(x,1)@r(x), ¢ € C*(R), (¢(x) =
1 for x > 2, @(x) = 0 for x < —2, with ¢’(x) > 0 for —1 < x < 1 and R > 0), we
obtain after integration by parts that

% % u® Qpdx + % / (Oytt)? Qpdx — % / uz(p,(g) dx=0.

Thus integrating in the time interval [0,7] and using that the Z?>-norm of the
solution is preserved we get (4.45).

The extension of this result to more general dispersive linear models with con-
stant coefficients given in [CS] was based on a Fourier transform argument. In
nonlinear problems and in linear ones with variable coefficients (where the Fourier
transform does not provide the result) it may be useful to obtain the result via “en-
ergy estimates.”

For example, consider the problem

ot = iAu,
{uux»—uam, (449

x € R"t € R, where A has a real symbol a = a(x,&) of order m (for instance,
A = 0y (aji(x)dy,), id3, A, and iHd?). By integration by parts we have that the
solutions u(-,¢) preserve the L?-norm, i.e., ||u(-,1)|2 = ||uo||2. Now to establish the
corresponding local smoothing effect (4.45) we follow the argument in [CKS]. We
apply an operator B of order zero with real symbol b(x, &) to our equation to get that

9Bu=iABu+i[B;A] u. (4.49)

Multiplying the equation (4.49) by ii and the conjugate of the equation in (4.48)
by Bu, adding the results and integrating in the x-variable, and then in the time
interval [0, 7], we have that

T

// i[B;Aluiidxdi < co (T;B)|uo|2. (4.50)
R

0

Let C =i[B;A] = —i[A; B]. The operator C has order m — 1 and its symbol c(x, &)
is given by

d
e 8) = —{ab} == Lboxd)| | —HB)®E),  @sD
(where @(s;x,&) denotes the bicharacteristic flow associated to the symbol of A,
that is, a(x,£), and H,(b) is defined as in (3.25)). The aim is to find an operator B
such that C > 0. By quadrature
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/ c(@(s;x,8)) (4.52)
0

Thus if A = A /872, a(x,&) = |E|?/2, and @(s;x,E) = (x+ &, E). Taking
f'(x1) &7

€
with f € L'([0,00) : RT), f decreasing, and (£) = (1+|&])'/2, we have C > 0 of

order 1.
By (4.51) we obtain

o(x, &) =— (4.53)

F(xiD &)
(&)

Now from (4.50), (4.51), (4.53) it follows that

T T
// Cuﬁdxdt:// —f(Ix;) A" 92 uadxdr
0 R 0 & '

T
- / [ 2uA7 A () A 2oy adar (4.54)

b(xaé) =

(nonlocal operator of order zero).

+// F/(11): 0, A=Y A1V20, uaddr.

zero order operator

Thus from (4.50) combined with (4.54) and the choice of f we basically have
that

(4.55)

S~

T
/ DY u(x, )| dxdt S / /R I A (= (i) A0y u) dxdr
[x|<R 0

< co (R f3T)|uol|2-

Repeating the argument for A = id?, and taking c¢(x, &) = ¢’ (x)&? with ¢’ (x) = 1
if |x| <R and ¢'(x) = 0 if |x| > 2R, even, C*, nonincreasing for x > 0, we obtain
b(x,&) = @(x) (local operator as in Kato’s approach). Similarly, for A = iHd? (the
dispersive operator associated to the Benjamin—Ono equation) with the same choice
of c(x,&) = ¢'(x) E2, we get the same b(x, &) = ¢(x), again a local operator so the
result can be obtained by standard integration by parts.

For the variable coefficients case A = dy; (ajx(x)dy,) we need several hypotheses
that guarantee the appropriate behavior of the bicharacteristic flow at infinity as
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well as the integrability of I(s) = c(¢(s;x,&)) in (4.52). In this regard we have the
following result due to Doi [Dol].

Let A(x) = (ajx(x)) be a real and symmetric n X n matrix of functions aj, € C;’.
Assume that

Vaj(x)|=o(]x| ') as x| 5o, jk=1,..n, (4.56)

and that A(x) is positive definite, so the operator dy; (ajx(x)0y, ) is elliptic as in (3.23).
Assume that the bicharacteristic flow is nontrapped in one direction, which means
that the set

{(X(5:%0,&) : sER}
is unbounded in R" for each (xo, &) € R” x R" — {0}.

Lemma 4.2. Let A(x) and its bicharacteristic flow satisfy the assumptions above.
Suppose A € L'([0,20))NC([0,0)) is strictly positive and nonincreasing. Then there
exist ¢ > 0 and a real symbol p € S°, both depending on hy and A, such that

Hy,p = {h2,p}(x,§) Z A (X)) |§] —¢, V(x,§) € R" xR". (4.57)

Extensions and refinements as well as different proofs of the estimates in Theo-
rems 4.2-Theorem 4.3 have been deduced in connection with specific problems. To
simplify the exposition we shall only mention some of them.

In [Bo2] Bourgain showed that there exists ¢y > 0 such that if u,us € L*(R?),
0 < My < M, satisfying that

1 (x) = Pogyuj = / ATEGEVAE, j=1,2.  (458)
M;/2<|§|<2M;

Then M 12
Y e 1 5 2 PR )

Inequality (4.59) measures the interaction of a pair of solutions corresponding to
data with localized support in the frequency space.

Notice that for M} ~ M, (4.59) yields the case p = g =4 = 2+2/n of Theorem
4.2.

In [OT1] Ozawa and Tsutsumi studying the bilinear form

(110, vo) — u (€% ug) (e 1% 5y

established the following identity: there exists co > 0 such that for any ug, v € L?(R)

232 92
1D2" ("% up) (7% 50)] | 23, <) = olluo 12 0 2- (4.60)

The estimate (4.60) resembles the gain of 1/2 derivative in Theorem 4.3 as well
as (after Sobolev embedding) the limit case (p = oo, g =4, n =1, up = vp) of Theo-
rem 4.2.
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In higher dimensions, Lions and Perthame ([LP]) used the Winger transformation
to obtain a different proof of (4.19) in Theorem 4.3. They also showed that for

(x 6 (0?00)7
|V€ltALt() 1/2 /2
/ / 1+|x|1+°‘ i dr) < cna D w2 (4.61)

Finally, we shall briefly discuss the L?>-well-posedness of the IVP

{8,14:iAu+bj(x)9ij+d(x)u+f(xvt)a (4.62)

u(x,0) = up(x),

where the coefficients b; and d and their derivatives are assumed to be bounded.

The problem (4.62) is said to be L?>-wellposed if for any uy € L*(R") and
f € Co([0,0) : L*(R™)) (where Cy stands for the set of continuous functions with
compact support) there exist 7 > 0 and a unique solution u € C([0,T] : L*>(R")) of
(4.62) such that for ¢ € [0,T]

suplu )l < e(t) { ol + [ hreolaash.

Notice that if the b; take real values the result follows by integration by parts.
Also if bj(x) = by, is a constant then the %m by; = 0 for all j is a necessary and
sufficient condition. In the one-dimensional case Takeushi ([Tal]) proved that the
condition

sup | / JImb(s)ds| < oo (4.63)
leR o

is sufficient for the L>-well-posedness of (4.62). In [Mz] Mizohata showed that in
any dimension n the condition

sup sup |/ﬂmbj(x—|—s~v?)-ﬁ7jds| < oo (4.64)
wesn—1 xeR"
LeR
is necessary. (4.64) is an integrability condition on the coefficients b = (by,...,b,)

of the first order term along the bicharacteristic. In fact, Ichinose [I] extended (4.64)
to the case where the Laplacian A in (4.62) is replaced by the elliptic variable coef-
ficients A = dy;(ax(x)dy,) by deducing that

sup sup ‘/,ﬂmbj(X(s;x,W))-E(s;x,W)ds‘ < oo (4.65)
weSn—1xeR"
leR
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is a necessary condition for the L?>~well-posedness (to the IVP associated to the
equation dyu = iAu+b;(x)0x,u~+d(x)u+ f(x,t)), where s — (X (s;x,), Z(s;x,W))
denotes the bicharacteristic flow associated to A (see (3.26)).

Notice that the notion of nontrapping for the bicharacteristic flow associated is

essential in the hypothesis (4.65) for b;(-) even in Ci’(R"). We will return to this in
Chapter 10, where the above results will be further studied.

4.5 Exercises

4.1. Prove Proposition 4.1
4.2. Prove Proposition 4.2.

4.3. Define the operators
Fj:xj—i-Zit&(j7 j=1,...,n
(i)  Prove that for any o € (Z™")" (with multi-index notation),
% f(x,t) = el /4 (Zitax)aefi‘xlz/‘“f = (A x%e 1A f,

(i)  Prove that I'; commutes with d; — iA.
(i) If up € L* and x* ug € L>(R"), show that I'*u € C(R : L*(R")) and so

o (ei|x|2/4’ e ug) € C(R\ {0} : L*(R")).

In particular, 9% e uy € L .(R") for t # 0.
(iv) Ifupe H(R"),s€Z"%, and x%ug € 12, |a| < s, prove that

u=e"uy € C(R: HNL*(|x|* dx)).

(v)  Ifup € 7 (R") show that e uy € .7 (R").

44.

()  Prove that if ug, x*ug € L*(R"), and 0% (x*uy) ¢ L*(R"), then x* &4 uy ¢
L?(R™) for any ¢ # 0.

(i) Show that if uy € Co(R"), for any ¢t € R\ {0} and any € > 0, e"uy ¢
L' (efMdx), and that ¢4y has an analytic extension to C" for 1 # 0.
Hint: Use formula (4.7).
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4.5. Check that for the group of translations
L :LZ(R") — Lz(R")

defined by L, (ug)(x) = up(x+1) the inequalities (4.12) and (4.13) are not true.

4.6. Prove that there do not exist p,q,t with 1 < g < p <o, € R\ {0} such that
" LP(R") +— LY(R") is continuous.

This is a particular case of Hormander’s theorem in [H1].

Hint:

(i)  Prove that ¢"* commutes with translations. That is, if 7,f(x) = f(x—h)
then 1,(e™ f(x)) = e 1, f(x).
(ii)  Prove thatif f € LP(R") then

im [|f + T f py = 2701 f -

|h|—eo
(iti)  Using (ii) prove that ||T f|, < c||f]|, implies
1T flly < 2077V £,
which leads to a contradiction because g < p.

4.7. Prove that inequality (4.13) is not true when the pair (p,q) does not satisfy the
condition 2/¢g =n/2—n/p in (4.16) Theorem 4.2.
Hint: Use the fact that if u(x,#) is a solution of the linear Schrodinger equation,
then, for all A >0, Au(Ax,A%t) is also a solution.

4.8. Given a sequence of times A = {r; e R: j € Z"} converging to 1o, prove that
there exists f € L?(R) such that ¢4 f ¢ L*(R) if t € A (compare this result with
the inequality (4.13)).

Hint: For all 1 € A choose a,;g; € L'(R)NL*(R) such that g ¢ L”(R) and where
the constants g, are fixed and such thatif f; = e "4qa,g, then f=Y,c4 f; satisfies
the statement (use Lemma 4.1).

4.9. Prove that if f € L>(R") then

1. H itA ei|-|2/4t ,\( /4 )H 0 466)
im |[e"" f— ————f(-/4nt =0. .
t—Foo (47‘[lt)nf 2 (
Hint:

(1)  Verify that for all 7 # 0,
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U (1) f(x) = (dmit) /2714 F(x/dnmr)

defines a unitary operator. Hence it is enough to prove (4.66) assuming f €
7 (R").
(ii)  Prove that

with F;(y) = (¢4 — 1) ().
. 2
(iii)  Use the estimate |e"x|2/ 1< c% to complete the proof (see [D]).

4.10. Show that the initial value problem

atl/t = lAﬁ,
{u(x,O) = up(x), (4.67)

x € R" ¢t > 0,is ill-posed.

Hint: Differentiate the equation in (4.67) with respect to the variable ¢, then use the
conjugate of the equation in (4.67) to obtain an equation in terms of second order
derivatives with respect to 7 and the bi-Laplacian.

4.11. (Duhamel’s principle) Prove that the solution u(x,¢) of the inhomogeneous
problem

du = iAu+F(x,t), 4.68)
u(x,0) = uo(x),
xeR" t e R, with F e C(R:.(R")) is given by the formula
1
u(x,r) = e ug+ / AR (Y ar. (4.69)

0

4.12. Prove that if F € .7 (R"*!) then the solution u(x,#) of problem (4.68) can
be written as

674752i|§\2t

= 2mitt
1) =citA //— mivé (€ 1) dEdr, 470
u(x,r)=e"up+ ATHEP 1 2mit e (€,7)dg (4.70)
7°°IRVL
where F represents the Fourier transform of F with respect to the variables x, 7.

4.13. Prove inequality (4.29).
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4.14. Prove that m(§) = 87 s not an LP-multiplier for p # 2.

4.15. Using the estimates (4.19), (4.20) from Theorem 4.3, prove that:

() Ifn>2 a>1/2 and f € LX(R") then (1 + |x|)~*Dy/ %A f € [2(R"), a.e.
teR.

@ii)) If n=1 the resultin (i) is not true.

(iii)  What can be said in the case n = 2? (See [KY]).

4.16. Use the commutator estimates in (3.15) to show that operator defined in (4.54),
ie.,

[=f'(x1): 9,472 AT 20y,

is in fact of order zero.



Chapter 5

The Nonlinear Schrodinger Equation. Local
Theory

In this chapter we shall study of local well-posedness of the nonlinear VP,

O = —Au— Alu|* 'u,
u(x,0) = up(x),

teR, xeR", where A and o are real constants with o > 1.

5.1

The equation in (5.1) appears as model in several physical problems (see refer-

ences [GV1], [N], [SCMc], [ZS)).

Formally solutions of problem (5.1) satisfy the following conservation laws, that

is, if u(x,t) is solution of (5.1) then for all ¢ € [0,T], the L>-norm

l[u(-,0)ll2 = [luoll2,

the energy
[ (Tt = 2 ) ) = [V = 2ol
a+1 a+1 el
Rn

the momentum

fm/Vuxt i(x, t)dx-fm/Vuo ) iip(x) dx,

and the so-called quasiconformal law [GV1]

8112
a+1||u(f)|\gﬂ

(e +2ir V)au(1) |3 —

t

= ||xuo|)5 — 42, Oc—|—1 / /\u X, s |a+ldx>sds.
0 Rr

We will use these identities in the next chapter.

F. Linares, G. Ponce, Introduction to Nonlinear Dispersive Equations,
DOI 10.1007/978-0-387-84899-0_5,
© Springer Science+Business Media LLC 2009

5.2)

(5.3)

(5.4)

(5.5)

89



90 5 The Nonlinear Schrodinger Equation. Local Theory

We shall say that the equation in (5.1) is focusing if A > 0 (attractive nonlinearity)
and defocusing if A < 0 (repulsive nonlinearity).

In any dimension the equation in (5.1) in the focusing case A > 0 has solutions
of the form,

u(x,r) = e @(x), (5.6)

called standing waves or ground states, which are closely related to the elliptic prob-
lem

—Au= f(u), (5.7)

which have been extensively studied. In our case, f(u) = —ou+ |u|*'u, with @ >
0 (otherwise there is no solution for (5.7)) and A = 1. Indeed, the problem is to find
¢ € H'(R") such that

—Ap+09=|p|*o. (5.8)

The existence of solutions of the equation (5.8) in dimension n > 3 was estab-
lished by Strauss [Sr2] and Berestycki and Lions [BLi] (see also [BLiP]). The bi-
dimensional case was proved in [BGK] by Berestycki, Gallouét, and Kavian. Re-
garding uniqueness of solutions of (5.8), Kwong [Kw1] showed that positive solu-
tions of the problem (5.7) with f(u) = —u+ uP are unique up to translations. We
summarize these results in the next theorem.

Theorem 5.1. Letn >2 and 1 <a < (n+2)/(n—2) (1 < a <o, n=2). Then
there exists a unique positive, spherically symmetric solution of (5.8) ¢ € H'(R™).
Moreover, ¢ and its derivatives up to order 2 decay exponentially at infinity.

Remark 5.1. The restriction on & comes from Pohozaev’s identity (5.81) since we
want to have H! solutions of (5.8) (see Exercise 5.3).

Remark 5.2. There are infinitely many radially symmetric solutions under the hy-
pothesis of Theorem 5.1 without the positivity assumption (see [BLi], [E], [JK]).

As we will see below once we have a solution of (5.1) we can use the invariance
of the equation to generate other solutions. Thus if u = u(x,) is a solution of the
equation (5.1) then the following are also solutions:

1) wuy(x,r) = u% u(px, u?t), p € R, with initial data given by

2
uou(x):uafl uo(px). (5.9)
(i) ug(x,t) =e®u(x,r),0 € R.
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(i) wua(x,7) =u(Ax,t), A any nxn orthogonal matrix.
(V) ugp(x,t) =u(x—a,t—b),acR", beR.

V) ue(x,t) = eFe 1y (x — 2tc,1) for ¢ € R”, with initial data

1e(x,0) = € ug (x). (5.10)

(vi) In addition, if @ =4/n+ 1,then ((GV1])
io|x|?
)=
4o(x1) (ot a2 P (4(a+wt))
Y+ 61 X
— =1.
u(a+wt’a+wt)’ ab—oy

The property (i) is called scaling, (v) Galilean invariant, and (vi) the pseudo-
conformal invariant.

Hence gathering this information one gets the multiparametric family of solu-
tions R=R(v,®,0,x9) with v,xo € R", ® >0and 6 € R.

R(x,1) = VA VPIHort0) o xo —2vy) (5.11)
of (5.1) with A = 1 (focusing case), where @(-) is the positive solution of (5.8).

Notice that the solitary wave in (5.11) moves on the line x = xo + v¢. In the one-
dimensional case the equation (5.8) becomes an ODE and one has that

o+1 o—1 1/(a-1)
P(x) = @o(x) = {%w sechZ(T \/Ex)} . (5.12)
Thus, forall € R and p € [1,o0]
lu)llp = lluoll, = K (e, @). (5.13)

From the nonlinear differential equations point of view, the existence of the soli-
tary wave describes a perfect balance between the nonlinearity and the dispersive
character of its linear part. More precisely, although the solutions of the linear prob-
lem e"uy with uy € L'(R") NL*(R") decay as t — oo (see (4.12) for the case
f €LY (R") and (4.13) for f € L*(R")). These solutions of (5.1) neither decay nor
develop singularities. The latter situation will be addressed in the next chapter.

5.1 L? Theory

We consider the integral equation (see Exercise 4.11)

t
u(t) = €y + 0 / S8 (1)@ (¢ ). (5.14)
0
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The difference between this equation and the one in (5.1) is that this one does not re-
quire any differentiability on the solution. Using the properties described on Propo-
sition 4.2, it is easy to see that if u is a solution of the differential equation in (5.1)
then it is also a solution of (5.14). We shall prove in Section 5.3 that under some
hypotheses on o and n, if uy € H*(R"), the solution of (5.14) also satisfies the
differential equation (5.1).

We will say that the integral equation (5.14) is locally well-posed in X, where X
is a function space, if for every uy € X there exists 7 > 0 and a unique solution u €
C([0,T):X)N... of (5.14) for (x,1) € R" x [0, T). Moreover, the map data-solution,
i.e., ugp — u(-,t) locally defined from X to C([0,7T) : X) is continuous. Hence the
solution’s existence, uniqueness, and persistence (the solution u(¢) belongs to the
same space than the initial data and its time trajectory describes a curve on it). Thus,
solutions of (5.14) define a dynamical system in X. In the case that 7' can be taken
arbitrarily large, we shall say that (5.14) is globally well-posed in X. As we shall see
below in the subcritical case one has that T = T'(||uo||x) > 0 and in the critical case
that 7 = T (up) > 0. These definitions of local and global well-posedness also apply
to the IVP (5.1).

Our first result says that under some restriction on the power of the nonlinearity,

a € (1,1+44/n), problem (5.14) is locally well-posed in L?.

Theorem 5.2 (Local theory in L?). If 1 < o < 1 +4/n, then for all uy € L*(R")
there exist T = T (||luo|2,n,A,0) >0 and a unique solution u of the integral
equation (5.14) in the time interval [—T,T] with

ue C([~T,T]: LX(R")NL ([T, T]: L*TH(R™)), (5.15)
where r=4(a+1)/n(a —1).

Moreover, for all T' < T there exists a neighborhood V of ug in L*(R") such
that

F: Vs C([-T,T': AR NL ([-T,T'): LY (R"), o — at),

is Lipschitz.

As we shall see in the proof of Theorem 5.2 (see (5.23)) and in Exercise 5.4, one
can give a precise estimate for the life span of the solution according to the size of
the data in L?>-norm. This fact holds whenever the problem is “subcritical” and the
scaling of the norm of the initial data is homogeneous, i.e., in our case if u = u(x,)
is a solution of (5.1) or (5.14), then

uy, (x,1) = 229D y(Ax, A %),
is also a solution with data 1 (x,0) = A%/ (*~1 y4(Ax) so that
ez (0) |2 = A2/ =D 727 g .

If in addition to the hypothesis of Theorem 5.2 one has that uy € H*(R"), s >0,
and a > [s] + L, [s] denoting the largest integer < s, then
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ueC([0,T]: H(R"))NL ([-T,T] : L*"(R")), (5.16)

with T as in the theorem. This fact holds in any subcritical case with a regular
enough nonlinearity, since by taking s derivatives the problem becomes linear in
this variable.

The proof of Theorem 5.2 is based on the contraction mapping principle. This
has the advantage that it also shows that if the nonlinearity is smooth, i.e., ¢ is an
odd integer, then the map data-solution uy — u(t) is smooth (see Corollary 5.6).

Corollary 5.1. The solution u of equation (5.14) obtained in Theorem 5.2 belongs
to LA([-T,T]: LP(R")) for all (p,q) defined by condition (4.16) of Theorem 4.2,

that is: )
2<p< 7”2 ifn>3 5
n— n
; d —=—-——. 5.17
2<p<e ifn=2( " qg 2 p (5-17)

2<p<eo fn=1

In the proof of Theorem 5.2 we use the following notation: For all positive con-
stants 7 and a we define

E(T,a)= {v eC([~T,T): LAR")NL ([-T,T): L*T"(R")) :
T
, r U (5.18)
il = sup [v(e) o ([ 1vO)edr) " <a}
[-T.T) o
with 1 <o <1+4+4/n and r=4(a+1)/n(a—1). Note that E(Tp,a) is a com-
plete metric space.

Proof of Theorem 5.2. For appropriate values of a and T > 0 we shall show that
1
Dy, () (1) = D) (t) = e ug + il / A (|u| % ) (1) df! (5.19)
0

defines a contraction map on E(T,a).
Without loss of generality we consider only the case ¢ > 0. Using (4.13), (4.14),
and Holder’s inequality combined with the definition @(-) in (5.19), we obtain

/7

T T
1/r /
([ 1260 zradr) " < clolla+el21( [ 10/ 1) at)
0 0 (5.20)

r ar’ s
§c||uo||2+c\7t|(/||“(t)|‘(a+1)dt) :
0

By hypothesis (1 < ot < 1+4/n) we have that a#’ < r, that is,
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4
o r <r or a<r—1:M—1.

r—1 n(a—1)
Therefore from (5.20) we deduce that

9 o/r
/H¢ Oinrdr)” <cluoll-+elA T /Hull L) (5.21)
with @ =1 —n(o—1)/4 > 0. Then, if u € E(T,a) we have
Ir 6 o
/HfP JO)llacrrdr) " < clluolla+el2| 7 a”.

Using (4.15) and the unitary group properties in expression (5.19), we obtain that if
u€ E(T,a) then

T
/ 1’
sup () 1)z = ol el ([ 10
’ 0

(5.22)
< clluo|l2 +c|A| TY a*,
where the constant ¢ depends only on « and the dimension n. Hence,
12 @)llr < ¢lluollz +clA|Ta.
If we fix a = 2c||up||2 and take T >0 such that
2% A T [|up|| ' < 1 (5.23)

it follows that the application @ is well-defined on E(T,a). Now, if u,v € E(T,a),

(@) = P)(0) =2 [ (vl ul* ) (o)
0

The same argument as in (5.20) and (5.21) shows that
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/H W) Ollcrar) "

. o 1/
<2 / 1y = ol 1)
T
/ Ve
< cal | ( [Vt + lelcd)” v =l (0) ar)

0
T
<calAl Te{ (/HVHfOHI)dl‘) (Otfl)/r_‘r (/HMH . dt) (afl)/r}
0

0
T

< (0 a0l ar) "

0
T y
<26q A 70 ([ I90) = () gy at)
0

Combining (4.15) with the unitary group properties and the arguments used in
(5.20) and (5.21) we see as in (5.22) that

T
sup | ((v) ~ 8(u)) 1)z < 2eali| T ([ ()~ ute) )
0

[0,7]

Finally, it follows from the choice of a, a < 2c¢||up||2, and inequality (5.23) that
2¢|A| 79 0% 1 < 2%c% A T Hung‘_l <1.

Hence,
4(1—-a)
4—nla—1)
Thus, we have proved the existence and uniqueness in an appropriate class of
the solution of equation (5.14). To prove the continuous dependence of ®(u(z)) =

D, (u(t)) with respect to ug, note that if u, v are the corresponding solutions of
(5.14) with initial data ug,vo, respectively, then

T~ |luolf, with g = (5.24)

13
u(t) —v(t) = ™ (ug — vo) +iA / A (@ Ty — || % ) (¢)ar.
0

Therefore the same argument used in (5.20) and (5.21) implies



96 5 The Nonlinear Schrodinger Equation. Local Theory

T

1/r
(et = vlo) ) " < clluo = voll
0
0 o—1 o—1 r - 1/r
+Kal2I T (o8~ + wollg ™) ([ hute) = v(e) )
0

As a consequence if ||ug —vpl|2 is small enough (see (5.23)), then

T

([ e @ s ar) " < Rilto —vola

0

Analogously we can prove that

sup [lu(r) —v(1)]2 < Kluo — voll2,
(0,7]

which completes the proof. O

Proof of Corollary 5.1. The proof is obtained by combining Corollary 4.1 with in-
equality (5.20). That is, taking (p,q) in Corollary 4.1 instead of (ot + 1,7) on the
left hand side of (5.20) and then using the argument in the proof of Theorem 5.2.
The details of this proof are left as an exercise to the reader. a

Remark 5.3. Observe that in the proof of Theorem 5.2 we only used the hypothesis
on the growth of the nonlinear term but not its particular form.

Next we show how to extend the argument used in the proof of Theorem 5.2 to
the critical case oo = 1+4/n.

Proposition 5.1. Let (p,q) be a pair satisfying condition (5.17) in Corollary 5.1.
Given uy € L*(R") and € >0, there exist § >0and T >0 such that if
lvo —uol|2 < O, then

T
. 1/q
(/||e”Av0||gdz) <e. (5.25)
0
Proof. If we take 8 < €/2c, then it is enough to show that
T y
; q
( / leuolgar) " < e/2. (5.26)
0

We choose up € .’(R") such that |lug—iip||2 < €/4c and then combining Theorem
4.2 (inequality (4.13)), the fact that {4} defines a unitary group in H*(R") and
Sobolev’s inequality (Theorem 3.3), we have
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T T
. 1/
(rrmpa)e e e /WMNWm
0

0
< clliig — uol2 + T4 ||| 2,

where s > n(1/2—1/p). Fixing T such that ¢T'/? ||iig||;2 < £/4, then we obtain
(5.26). 0

Theorem 5.3 (Critical case, o = 1+4/n in L*(R")). If a = 1+4/n, then for
each ug € L*(R") there exist T =T (ug,A,a) >0 and a unique solution u of the
integral equation (5.14) in the time interval [—T,T] with

ueC([~T,T]: L*(R"))NLe ([T, T]: L°(R")), (5.27)

where 6 =2+4/n.
Moreover, for all T' < T there exists a neighborhood V of ug in L*(R") such
that

F: Vs C([-T,T]: LP(R"))NLO([-T',T"]: L°(R™)), g v ii(r),

is Lipschitz.

Remark 5.4. Notice that the time of existence in Theorem 5.2 depends only on the
size of ug (that is, on ||up||2); meanwhile in Theorem 5.3 the time of existence
depends on the position of ug, and not only on its size.

Proof. We shall show that &,, = @ in (5.19) defines a contraction in

E(T.a) = {veC(-T.T): X)) NLo(-T,T]: L°(R")) :

Il = st 0) =" ol + /n igar) " <a}.

First from (5.19) it follows that

13
sup [|@(u) (1) — e a2 < SUP||/eiA(t—t’)Mu|a(t/)dt'|\2
[0,7] .11 4

T
, 1/o’
<clal( [ It g ar) (5.28)
0

T
<ol [ lutoyigar) ™.
0

On the other hand, it is easy to see that the pair (0, 0) satisfies condition (5.17)
of Corollary 5.1. Then, combining the integral equation (5.19), estimates (4.13), and
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(5.25) with (p,q) = (0,0), with the argument used on (5.20) we obtain

T T /
([1ow@aizga)” <cereai( [iuwiga)"
0 °T (5.29)
<cetelal( [ luwiga)””,
0

because o’ = (1+4/n) (2n+4)/(n+4))=2+4/n=0.
From Proposition 5.1, inequalitiei (5.28), and (5.29) we have that given € > 0
there exists 7 > 0 such thatif u € E(T,a) then

@@l < ce+clA|a”.

Therefore, if
cetclA|a® <a (5.30)

we have that @ (E(T,a)) C E(T,a). The argument used in the proof of Theorem 5.2
yields

T T
([1@w) - 2w)@ga) RETRTIPS ([1v®) - uto)ar) e
0 0
Thus, for
2c|Ala® < 1)2 (5.31)

we have that @(-) is a contraction. Now, fixing € > 0 such that
cAe* t<1)2

we see that both (5.30) and (5.31) are verified. This basically completes the proof,
the remainder follows using the same argument employed to show Theorem 5.2. O

Corollary 5.2. There exists € >0 depending on A and n such that for all uy €
L2(R™) with ||luol2 < €0, the results of Theorem 5.3 extends to any time interval
[0,T], i.e,

ueC(R:LX(R"))NL°(R:L°(R")), o =2+4/n. (5.32)

Proof. Ttis enough to note that if ||ug||> is sufficiently small, then taking € = ||up||2
and a =2||ug||> (both are independent of T, ) and

¢ |A[ Jluolly~" <172,

we see that (5.30) and (5.31) hold. O

Combining the results in Corollary 5.2 and those in Exercise 6.2 (concerning
the scattering of the solutions obtained in Corollary 5.2) one should expect that the
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constant € in Corollary 5.2 be given by ||@||>» where ¢ is the positive solution of the

equation in (5.8) with @ = 1 and & = 1 +4/c. This has been proved in the radial
case and for dimension n = 2 in [KTV].

5.2 H' Theory

We consider the integral equation (5.14) with ug € H'(R") with the nonlinearity o
satisfying

n+2
Il<o<——, if n>2

n_2 4" (5.33)
| < q < oo, ifn=1,2.

Theorem 5.4 (Local theory in H'). If a satisfies hypothesis (5.33), then for all
up € H' (R") there exist T= T (||uo||1 2,1, A, @) >0 and a unique solution u of the
integral equation (5.14) in the time interval [—T,T] with

ueC([-T,T): H'(R")NL'([-T,T]: Lf (R")), (5.34)

n(oe+1) 4(a+1)
where (p,r) = (120 = (n—2)(a—1)
forn=1,2, and Lf is defined as in (3.36).

Moreover, for all T' < T there exists a neighborhood W of ug in H' (R") such
that the function

) Sforn>3, and (p,r) satisfies (5.17)

F: W (=T, T']: H'R")NL ([T, T']: L} (R")), iip — ii(t),
is Lipschitz.

If in addition to the hypothesis of Theorem 5.4 one has that ug € H*(R"), s > 1,
and a > [s] + L, [s] denoting the largest integer < s, then

ueC([0,T]: H*(R"))NL([0,T] : L*(R™)), (5.35)

where [0,7] is the same time interval given for s = 1. As in (5.16) the problem
becomes linear in Dju once one takes D;. in the equation and the result follows by
reapplying the argument in the proof of Theorem 5.4 in this linear equation whose
coefficients (depending on u) have sufficient regularity to get the desired result.

As we shall see in the next chapter, in the critical case a similar result was quite
difficult to establish.

Corollary 5.3. The solution of the integral equation (5.14) obtained in Theorem 5.4
belongs to u € LY([~T,T): L} (R")) for all pair (p,q) defined by condition (5.17)
in Corollary 5.1. Moreover, in these spaces, the solution depends continuously on
the initial data.
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The proof of this theorem is similar to the one given in the previous section for
the L? case, therefore we will only give a sketch of it.

Proof of Theorem 5.4. We will show the theorem in the case n > 3. We first define:

El(T,a):{v eC([-T,T): Hl)ﬂL’([—T, T]: L’l)) Avllr= supﬂ ()12

" Ur (5.36)
([l +190olp)a) " <a).

-T

Notice that the pair (p,r) is an admissible pair (see Corollary 4.1).

We prove that there exist positive constants 7 and a such that the operator
defined in (5.19) is a contraction on E'(T,a).

Combining Holder’s inequality and the Sobolev inequality (Theorem 3.3) it fol-
lows that

el Vullpr < e [lul* Ml Vullp < cllullty ), 1Vullp < c|[VaullF.
(a=1)
Thus
el ]y pr < e ullp s (5.37)
with 1/p’ =1/I+1/p. Then

1 1 1 I oa-1 oa-1
—=l-—and ———=—-———,ie, - = — — .

l P (a—1)l p n l p n

Therefore (a+1)/p=(n+a—1)/n.
Using Corollary 4.1, (5.19), and (5.37) we have

T
B 1/
Nl <l ([ 1l o) )

0
[ or i
< cluoflz+e ([ Nl ar) (538)
0
T af
< clluoliz+er? ([ ol ar) ™
0

with § =1—(a+1)/r=1— (n—2)(a—1)/4. Hence, taking a = 2c||ugl|12 in
(5.36) we get from (5.38) that

a
19l < el +e7? Il < 5 +T° oz <a
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if T is sufficiently small, i.e.,

Thus
T < all=)/3, (5.39)

To complete the proof of existence and uniqueness of the solution it is enough to
show that the operator @ is a contraction. The proof of this as well as the continuous
dependence is similar to the one given in the previous section, so it will be omitted.

O

Remark 5.5. As we commented in the previous section, in the proof of this (local)
result we did not use the particular structure of the nonlinear term.

Theorem 5.5. (Critical case, & = (n+2)/(n—2), n > 2, in H'(R")). Letn > 2
and & = (n+2)/(n—2). Given ug € H'(R"), there exist T = T (ug,n, A, ) >0
and a unique solution u of the integral equation (5.14) in the time interval [—T,T)]
with

we C([-T,T): H'(R") NL/([-T.,T): L ("),

where r=2n/(n—2), p=2n/(n* —2n+4) and L} is defined as in (3.36).
Moreover, for all T' < T there exists a neighborhood W of ug in H' (R") such
that the function

F: W — C([-T,T]: H (R"))NL([-T,T): L’I)(R")), iip — i(t),
is Lipschitz.

Remark 5.6. We notice that the time of existence depends on the initial data. In
Theorem 5.4 it depends only on the size of u, that is, on ||ugl|; 2. In Theorem 5.5
the interval of existence depends on the position of g, and not only on its size.

Proof. Observe that the pair (r,p) = (2n/(n—2),2n/(n*> —2n+4)) satisfies con-
dition (5.17) of Corollary 5.1. First, we have that

b Y A Ve, p 11
(f1ostate=at) "< e [15aaty) ([ ihere15)
0 0 0
. 1/r . I(a—1) 1/1
< [1wap) “( frale )"
0 0

where 1/r+1/F =1/p+1/p' =1, 1/p'=1/p+1/v,and 1/¥ =1/r+1/L
Using that (o,r,p) = ((n+2)/(n—2),2n/(n—2),2n*/(n*> —2n+4)) we have
l(a—1)=r and v(a—1)=2n%/(n—2). Then using Gagliardo-Nirenberg’s
inequality (3.13) it follows

(5.40)
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lullyia—ry < cllullip = c(llullp +[[Vaullp)- (5.41)

Combining (5.40), (5.41), Proposition 5.1, Theorem 4.2, and the notation used in
the proof of Theorem 5.4, we obtain that for any € > 0 fixed there exists 7 > 0
such that

T
( / @) o) ;)
/||<1> llpa) /||Vd> Dllpar)"

1/r
< cet Al (/||u||;,dt) (5.42)

(a1)/r
+elA| / Vaapar)” / Jul

ofr
< ce+c|A] (/H“Hipdt) :
0

On the other hand, we have that

T
. ofr
sup [ D))~ a2 <cla| ( [ullipar)™. 543
0

[01 TO]
Therefore, defining

EN(T,a) :{v e C([0,7]: H'(R") N L ([0,T] : LP (R™)) :

T 1
. " r
Ivll; = sup v(e) = oz + ([ vl par) " <a}.
0

0,70]

and usmg (5.43) and (5.42) we have that for all € > 0 there exists 7 > 0 such that
if u€ E'(T,a) then
(D (u)(2)|]| < ce+c|A|a®. (5.44)

Once inequality (5.44) is established, the remainder of the proof follows an ar-
gument used previously, so it will be omitted. O

Corollary 5.4. There exists € >0 depending on A and n such that for all uy €
H'(R") with ||Vug||2 small the results of Theorem 5.5 extend to all time intervals
[0,T], so

ueCR:H'(RM)NL(R: LF(R") (5.45)
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with (r,p) as in Theorem 5.5.

Proof. Once Theorem 5.5 is established, we follow the argument used in the proof
of Corollary 5.2. O

5.3 H? Theory

Consider again the integral equation (5.14) with uy € H>(R").
Assume that the nonlinearity o satisfies

2<a< - ifn>5
n—4 (5.46)
2< <o, if n<4.
Theorem 5.6 (Local theory in H>(R")). If o satisfies (5.46), then for all uy €
H?(R") there exist T = T(||uo|l2.2,n,A, @) >0 and a unique solution u of the
integral equation (5.14) in the interval of time [—T,T| with

ue C([~T,T): HX(R")NLI([~T,T]: LL(R")) (5.47)

Sor all pairs (p,q) defined by condition (4.16) of Corollary 5.1.
Moreover, forall T' < T there exists a neighborhood W of ug in H*>(R") such
that for all pairs (p,q) in (4.16) the function

F: W C([-T',T']: H*(R")NLI([~T",T"): L(R™)), i — at),
is Lipschitz.

The proof of this result is similar to the one exposed to establish Theorem 5.2
and Corollary 5.1, so it is left to the reader to complete the details.

As a consequence of Theorem 5.5 we obtain the following relation between the
differential equation (5.1) and integral equation (5.14).

Corollary 5.5. If u is the solution of equation (5.14) obtained in Theorem 5.6, then
Sor all pair (p,q) which verifies condition (5.17) of Corollary 5.1 we have

du € L([-T,T]: LP(R")).

Moreover, u is the (unique) solution of the differential equation (5.1) in the time
interval [—T,T).

Proof. Using Theorem 3.3 and hypothesis (5.46) on the nonlinearity, it is easy to see
that u € C([~T,T]: H?) implies that |u|* 'u € C([~T,T]: L?). Combining The-
orem 5.6, which guarantees Au € C([—T,T]: L?) with the previous results and the
integral equation (5.14), we see that du € C([—T,T]: L*), and that the differential
equation in (5.1) is realized in the space C([—T,T]: L?).

The end of the proof is left as an exercise to the reader. O
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In the next chapter we will use the identities (5.2) and (5.3) to establish global
solutions. To justify them we present the following result in H?2.

Theorem 5.7.

1. Let ue C([~T,T]: L*(R"))NLI([~T,T]: LP(R")) be the solution of integral
equation (5.14) obtained in Section 5.1. If ug € H'(R"), then

ue€ C([~T,T): H'(R")NLI([~T,T]: L} (R")). (5.48)

2. Let u€ C([-T,T): HY)YNLI([-T,T]: L}) be the solution of the integral
equation (5.14) obtained in Section 5.2. If uy € H*(R") and o > 2, then
u € C([-T,T): H?) and satisfies the differential equation (5.1) and estimates
(5.2)-(5.3).

Proof. We prove only part 1. of the theorem. Given uy € H'(R"), we know by
Theorem 5.4 that there exists 7/ > 0 such that u € C([-T",7']: H'(R")).If T’ > T
it is easy to see that the solution in L? can be extended to the interval [—7’,T"].
Thus we assume that 7/ < T. To get the desired result it is enough to prove that

sup [|Vau(r)[l2 < K||u(0)]|1.2
[0.7']

with K depending only on 7 and M = sup{||u(r)|> : t €[0,T]}.
Differentiate the integral equation (5.14) and use the notation v; = 8X_iu, j=
1,...,n, to have that

t
vi(t) = e™v;(0) +ide / A (| %)) () (5.49)
0

which is a linear integral equation, because u(-) is known in the time interval [0, T].
With the same method used in the proof of Theorem 5.2, it is easy to see that this
new integral equation (5.49) has unique solution on [0,AT], where AT depends
on o, A, n, and M, which remains constant in the interval [0,7]. Combining this
result with an iterative argument we obtain (5.48), which leads to the result. O

Now we explain how to use Theorems 5.6 and 5.7 to justify the use of identities
(5.2) and (5.3) in the proof of theorems (global) respectively.

Assume that up € L*(R") and o € (2,1+4/n), we choose {uf}7_, in H*(R")
such that ||uf —uo||> = o(1) when k — co. Combining Theorems 5.2, 5.6, and 5.7,
we see that forall T >0 there exist u* € C([~T,T]: H*(R")), k=1,..., asolution
of (5.1) and (5.14) with initial data u’é. Since it satisfies the differential equation in
(5.1), we infer that for all ¢ € [-T,T],

e (1) 112 = [lugl2,

i.e., identity (5.2). From Theorem 5.2 (continuous dependence on the initial data)
we have that sup [|u¥(t) —u(t)|2 = o(1) when k — oo, where T’ < T. Thus,
! T/]
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llu(t)|l2 = |luoll» forallz € [T, T']. (5.50)

This identity allows us to reapply Theorem 5.2 and extend the solution to the interval

[—(T"+AT'), T'+ AT'], where (using the same argument) identity (5.50) still
holds. By successive applications of this step we obtain the desired result (identity
(5.41) in any time interval).

Finally, the case & € (1,2) requires some changes: For initial data uf € H*(R")
we will have the nonlinear term py * (|pg * u|* ' py * u), where pi(-) = k"p(-/k),
with p(-) an approximation of the identity. In this case it will be necessary to prove
the stability of the solution in L? with respect to initial data and the nonlinear term.

As we remarked at the end of Theorem 5.2 all the previous existence proofs
are based on the contraction principle. This approach has the advantage that it also
shows that for smooth nonlinearity the map data-solution is smooth.

This general fact follows from the implicit function theorem. However, to sim-
plify the exposition we will sketch the details in the case of Theorem 5.2.

Corollary 5.6. Assume the same hypotheses of Theorem 5.2. Suppose F(u,i) =
id|u|*uis smooth (i.e., —1 is an even integer). Then there exists a neighborhood
V of ug € L*(R") such that the map T : ug +— u(t) from 'V into E(T,a) is smooth.

Proof. Define for F(u,i) = iA|u|* 'u
H:V XxE(T,a)— E(T,a)
(vo,v(1)) = (1) — Dy (v)(2)

13
— (1) — (¢ up + / DA E (0 5 (1) dr').
0
Thus H is smooth, H (ug, u(t)) = 0, and
t
DyH (1o, u(t))v(t) = v(t) + / A O, (u, @) v+ O5F (u,@)v](¢') dt'.
0

From the proof of Theorem 5.2 is easy to see that
VI = eAT%a% ") < |1 DuH (uo, u()v]| < [IVII(L+e|A|T%a%T)
for any choice of a in (5.23). Then
D, H(uo,u(t)) : E(T,a) — E(T,a)

is one-to-one and onto. Thus by the implicit function theorem there exists / : V-
E(T,a) smooth (V C V neighborhood of uy € L>(R")) such that

H(V(),h(VQ)) =0, Vv € ‘7

SO
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t
h(vo) = " + / A=A (h(vo), h(vo) ) () i’
0

is a solution of (5.14) with data v (instead of ug). a

5.4 Comments

The L? theory exposed on Section 5.1 was obtained by Y. Tsutsumi [T1] in the
case o € (1,1+4/n). The critical case L? (o = 1+4/n) was established by
Cazenave and Weissler [CzW3]. The results of Section 5.2 were taken from ref-
erences [CzW2], [GV1], [K1], and [T2]. Finally, the H? theory can be found in
[K2].

It is important to note that Theorems 5.2, 5.4, and 5.6 prove that, under some
conditions on the power of the nonlinearity ¢, the solutions of the integral equation
possess, at least locally in time, the same smoothing properties as the Strichartz type
(discussed in Section 4.2, Theorem 4.2) that the solution of the associated linear
problem.

From the proof of Theorem 5.3 one sees that the conditions on the data ug in
the existence results can be significantly weaker. To simplify the exposition let us
concentrate on the results in Theorem 5.3: Instead of ug € L?(R") one can take
up € .'(R") such that

e uoll o Ry x,) < oo, c:2+% (5.51)
to get the same local result, or
lle™ uo|| 1o (raxr,) < 1 (5.52)
to obtain a global one in the function space u(-) with
u—e"uy e C([0,T): L*(R")) and u € L°([0,T] : L°(R™)). (5.53)

Several methods to construct uy € .’ (R") such that (5.51) or (5.52) hold (or
simply, ug € L*>(R") with ||ug||2 > 1 such that (5.52) hold) have been developed.

Let us consider first the last problem. Without lost of generality assume the one-
dimensional case. We will use examples 4.1—4.3 Chapter 4 to obtain uy € L*(R)
with [Jugl|2 > 1 such that (5.52) holds.

Let ¢ € C5'(R) with supp@ C B;(0) and ||@|» = 1. Let N € Z* and define

=

. N
uy (x) = Y @x— v =Y ;(x), (5.54)
=1

j=1
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where Vi,...,Vy and Uy,..., Wy are numbers chosen such that for > 0 the “cones”
containing most of the mass of u;(x,t) = " ¢;, i.e., for o > 1 fixed

2N —Ditg+1 AN+ 1)tg—1
( )to + t—1§xg( + 1)t

t+1,0<t<t
tO to b) — 70}7

cj= {(x,t) :
do not overlap. Thus
ufy |2 = VN (5.55)

and using that outside c¢;, u;(x,t) decays exponentially (for a 7 fixed and |x| — o0),
one can show (for a similar computation see [Vi2])

le” ||L6 RxR+) = HZ ¢ ‘P/Hm (RxR')
s

NoTor 1/6
Z//|e’m |6dxdt> ~ N/
0 —oo

j=1

(5.56)

" ]1% < [l@;]|% = 1). So by taking vij = uy /+/N we get a sequence of

data with |[v}'||,2 = 1 and

(since ||e

~1/3

||€”AV0||L6(RXR+) <cN“/° <1 forN large.

For the same problem, Bourgain [Bo3] introduced the following norm (two-
dimensional case, n = 2)

lloll, = (Zzz‘”(z 5 [lwpran) ) s

j=1lk=
o

where {Q,’(}kew denotes a grid of squares with disjoint interior of side 27/ parallel
to the axes.

First one notices that the norm || - |||Xp scales like the L?(R?)-norm, i.e., || f3 |||Xp
with fj (x) = A f(Ax) is independent of A (see Exercise 5.5). In [MVV1], [MVV2]
Moyua, Vargas, and Vega (improving and extending results in [Bo3]) showed that

le™uol s (2 xm,) < clluolly, (5.58)

for 12/7 < p <2 for any uy € L} (R?), and for 4(v2—1) < p <2 if up is
the characteristic function of a measurable set. Moreover, they showed that p >
4(y/2—1) is sharp.

Using (5.57)~(5.58) one can find ug € L}, (R?)\ L*(IR?) such that (5.52) holds.
Let

upj(x,y) = X0 1027 (x,y), jeZ*. (5.59)



108 5 The Nonlinear Schrodinger Equation. Local Theory

It is not hard to see that [|uglf,, < 27J/* (Exercise 5.6) while |[ug;||> = 1. Then
taking

uo(x,y)zsiuoj((x,y)—(j,O)), e>0 (5.60)
i=1

j=

it follows that ug ¢ L*>(R?) and

" up |l a2 xRy < lluojlly, < ce.

It is not difficult to show that solutions of (5.14) also enjoy the local regularity
property described in Section 4.3. For instance, we see that the solution u(-) of (5.14)
obtained in Theorem 5.2 satisfies

we L2([~T,T): H/2(R")). (5.61)

loc

In fact, writing the equation (5.14) in the form
t
u(t) _ eitA <u0+/ e_it,A(‘u|a_lu)(l/)dt,>
0

and using (4.21) (or (4.19) when n = 1) and (4.15) we have that

T t
( / /|D;/2u(x,t)|2dtdx)l/2gcR(Huo|\2+ sup H/e—ff’A(|u|a-1u)(t')d/||2)
<Ry T R

T
/7
< R (Jluolla+ ([ 11Ol asryjade) )
0

where r =4(ot+1)/n(a —1). Combining (5.20) and (5.21) with Corollary 5.1, we
obtain (5.61).

As we have seen along this chapter the results concerning local existence are a
consequence of the estimates obtained in Theorem 4.2. Thus, the method of proof
used might be extended to any group for which Theorem 4.2 can be established (lo-
cally). In particular, we obtain the same local theorems for the nonlinear Schrédinger
equation with real potential

O = iAu~+V (x)u+Alu|* u,

under some conditions on V' (see the references [C], [Y]).

Theorems 5.6 and 5.7 are concerned with the regularity of solution measures
in Sobolev spaces. One can also ask whether the decay properties of the data
are preserved by the solution. To simplify the matter consider the case where
a is an odd integer (or where the nonlinearity has the form f(|u|*)u with f(-)
smooth). In [HNT1], [HNT2], [HNT3] Hayashi, Nakamitsu, and Tsutsumi showed
that if ug € H™(R") NL*(|x[*dx) with m > k then there exists T = T (||luo||z),
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I = min{m;n/2%"} such that the IVP (5.1) has a unique solution
ueC([0,T]: H™(R") N L*(|x[*dx))NL([0,T]: LY (R") N L7 (|x|* dx))

with p, ¢ as in Theorem 4.2 and where L} (R") is defined as in 3.36.

If k > m then they showed that the solution # may not belong to L*(|x|™ dx) but
possesses a further regularity property, roughly speaking d%u(-,t) € L (R"), 1 #0,
for || < k, (see [HNT1], [HNT2]).

In particular, one has that if g € .#(R") then the solution u(-) of the IVP (5.1)
(with o an odd integer) belongs to C([0,T] : .#(IR")), and that if up € H'(R") with
compact support, & an odd integer, and 1 +4/n < oo < 14+4/(n—2), then u €
C”(R"xR—{0}).

The proofs given in [HNT1]-[HNT3] are based on the properties of the operators
Ii=x; —|—2it8x_,., j=1,...,n, deduced there.

In particular, using that for I' = (I3,...,I;)

%y = e * /4 (24| 9@ (=P /4y for @ € ZF (5.62)

and ‘ '
x%euy = " Iy (5.63)

(see Exercise 4.3), they developed a calculus of inequalities for the operators I
similar to that in (3.14) for the ij. For instance, for n = 1 they showed that

I (vPv) )2 < emlVOIZE T ()]l 2

and

()l < =20V 22 IV
(compare with (3.13), (3.14), and (3.15) in Chapter 3) which have been essential
tools in the study of the asymptotic behavior of solution of (5.1).

To simplify the exposition we have presented local well-posedness results in
Sobolev spaces with integer indexes, i.e., H*(R"), s = 0,1,2. Concerning the local
existence theory in fractional Sobolev spaces, H*(R"), s > 0, we have the following
result due to Cazenave and Weissler [CzW4].

Theorem 5.8. Let 1 +4/n<a <eo and s>sq=n/2—2/(a—1), with [s] <o —1
if a—1 isnot an even integer. Given vy € H*(R") there exist T =T (||vol|s2:5) >0
and a unique strong solution v(-) of the IVP (5.1) satisfying

veC([-T,T]: H(R")nW/,. (5.64)

Moreover, given T' € (0,T) there exist a constant r =r(||vo||s.2;5; T") >0 and a
continuous, nondecreasing function G(-) = G(||vol|s2) with G(0) =0 such that

[Sup] [(v=v)(®)[ls2 < G([Ivolls.2)[vo —volls.2 (5.65)
0,1/
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for any vy € H*(R") with ||vo—W|ls2 <1, i.e., the map data-solution is locally
Lipschitz.

The space WSTn in (5.64) is related to the Strichartz estimates, and its precise
definition will not be needed in the discussion below. We recall that for 1 < o <
1 +4/n the problem is locally well-posed in L?(RR").

From the scaling argument, i.e., if u(x,) is a solution of the IVP (5.1), then

wy (1) = /O Vu(ux, i), p >0, (5.66)
is also a solution with data uy (x,0) = u?/(*~Dyg(px), for which one has that

s—n/2‘

D3t (+,0) 12 = e =D =72 g .

To have results invariant by rescaling one needs to consider data uy € H*(R") (=
(=A)S2L2(R™)), with s(at) = s, = n/2 —2/(a — 1) which is called the critical
case. The case s > s, =n/2—2/(a— 1) is called sub-critical case. Notice that The-
orem 5.8 above corresponds to the subcritical case and Theorem 5.3 to the critical
case in L*>(R") (s = 0).

So the following question arises. Are the results in Theorem 5.8 optimal? This
seems to be the case. First let us consider the “focusing case,” i.e., for A > 0 in
(5.1), the following result was obtained in [BKPSV].

Theorem 5.9. If 4/n+ 1 < a < oo, then the IVP (5.1) with A > 0 is ill-posed in
H*(R") with s, =n/2—2/(o. — 1), in the sense that the time of existence T and
the continuous dependence cannot be expressed in term of the size of the data in the
H*<-norm. More precisely, there exists co > 0 such that for any &,t > 0 small there
exist data uy, up € . (R") such that

lurlls2+ llualls2 < co, [ur —uallsa <8, fJur (t) —ua(t)[ls2 > co/2,
where u(-) denotes the solution of the IVP (5.1) with data uj, j=1,2.

Proof. For simplicity we shall only consider the case 0 < s, < 1 and fix A = 1. We
consider the one-parameter family of ground state

vv(x,t) :eivt(pv(x) :eivtvl/(ocfl)(p(\/vx)7

where the function ¢@(-) = ¢;(-) solves the nonlinear elliptic eigenvalue problem
(5.8) with 0 < ot < 4/(n—2) if n> 2. The idea is to estimate

. 2
1D (vvy = vv,) (1) 12

and
1D (v Vo (Vi) = v/ Ve (V)3

Choosing v; = (N +1)? and v, = N? so that v{ — v, > 2N, we have that
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1D (g — v (1)
= 130wy, (13 + 1030w, (0)]3 — 22 {7 (v, (1), vy (1)) )
= ¥(vi,v2)(?).
Given any T > 0 there exist N > ¢(T) and ¢ € (0,T) such that
e (") (1)1 (1))} =0,
hence

sup ¥ (v1,v2)(1) =2[|D @ |3
(0,77

On the other hand,
Jim (D3 (v, — v, (O3 = [D3ewy, ()3 + [D5vv, 0)]3
=29 {(vv Vv, )5} =0
by using that v; /v, — 1 as N — oo and so

Jim e {{v, vk = 1D ol

Therefore, for any 7 > 0

lim sup [ (vy, = v,) ()2 = V2| D¥ @112

N—e[0.7]
while 1/(a1) 1/(a1)
. . o— o—
dim [[D (v, o(Vvir) = Vv, e(Vv2))l2 =0,
which essentially proves the result. a

Christ, Colliander, and Tao ([CrCT1]) have shown that the results in Theorem 5.9
extend to the defocusing case A < 0. Moreover, the following stronger ill-posedness
result norm inflation concerning the IVP (5.1) in both the focusing and defocusing
cases, was established in [CrCT3]:

Theorem 5.10. Given s € (0,s.) H{uf : me Z*} C Z(R") and {t,y : t,, > 0} with
|ug'lls2 — 0, ty — 0 as m T e such that the corresponding solution u™ of the IVP
(5.1) with A # 0, and initial data u™(x,0) = uf (x) satisfies that

lttm (- tm) |52 — o0, as m T co. (5.67)

In the case, o@ > 3 this result has been strengthened in [AlCa] by showing:

Theorem 5.11. Given o > 3 and s € (0,s.) there exists {u}} : m € Z*} C #(R")
and {ty, : ty, > 0} with |Jug||s2 — 0, t,, — 0 as m T oo such that the correspond-
ing solution u™ of the IVP (5.1), in the defocusing case A < 0, with initial data
u™(x,0) = ug (x) satisfies that
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2s
24+ (a—1)(sc—s)

ttm (- stm) |12 — 00, as mToeo, Ve ( ,5). (5.68)

All the existence results for the IVP (5.1) discussed so far are restricted to
Sobolev spaces with nonnegative index, i.e., in H*(R"), s > 0, even in the cases
when the scaling argument tells us that the critical value is negative, that is,
s(a) =s.=n/2—2/(a0—1) < 0. Thus, for example we can ask whether for the
IVP for the cubic one-dimensional Schrodinger equation

. 2 20
{,a,v+axv+?tlv| v=0, (5.69)

v(x,0) = vo(x),

teR,xeR, A €R, for which s, =1/2—2/(0t—1) = —1/2, one can obtain a local
existence result in H*(IR), with s < 0 (we recall that Theorem 5.2 provides the result
in H*(R), with s > 0). In this regard, we have the following result found in [KPV4].

Theorem 5.12. If s € (—1/2,0), then the mapping data-solution ug — u(t), where
u(t) solves the IVP (5.69) with A > 0 (focusing case), is not uniformly continuous.

In [VV] and [Gr3] Vargas and Vega, and Griinrock found spaces which scale
is below the one from L? but above that of A~/ 2(R), i.e., spaces whose norm is
invariant by 49 ug(Ax) with 8 € (—1/2,0), for which the IVP (5.69) is locally and
globally well-posed.

Remark 5.7. The result in Theorem 5.12 can be extended to higher dimensions.

More precisely, it applies to the IVP

O+ Au+|ulP~'u=0, (5.70)
u(x,0) = uo(x),

t € R, x € R", withuy € H*(R"), n < 4/(p— 1), and s € (n/2—2/(p — 1),0).

For the IVP (5.69) on one hand one has that the map data-solution fails to be
continuous, i.e., there exist data uy € .(R) with arbitrary small H*-norm for s <
—1/2 whose corresponding solution u(¢) provided by Theorem 5.2 has arbitrary
large H*-norm at an arbitrary small time (see (5.67)). On the other hand, Theorem
5.12 for the focusing case and the results in [CrCT1] for the defocusing case, shows
that the map data-solution is not uniformly continuous in H* for s < 0.

In [KTa2] Koch and Tataru obtained the following a priori estimates for solutions
of the IVP (5.69) improving a previous result found in [CrCT2].

Theorem 5.13 ([KTa2)). Let s > —1/6. Then for all R > O there exist R, T' > 0
such that for all uy € L*(R) with ||u||2 < R the corresponding solution of the IVP
(5.69), u € C([0,T] : L*(R)) NL*(R x [0,T]) (see Theorem 5.2) satisfies that

sup [|u(t)][s2 <R’
0.7



5.4 Comments 113

This a priori estimate allows one to establish the existence of an appropriate class
of local weak solution of (5.69) (see [CrCT2]). It was conjectured in [KTa2] that the
IVP (5.69) is locally well-posed in H*(R) for s > —1/6, with the map data-solution
being locally Lipschitz.

Proof of Theorem 5.12. As in the previous proof consider the one parameter family
of ground state solutions (with n = 1 in this case)

Vo(x,t) = &' gy (x),

where @y (x) = ©@(wx) and @(x) = @;(x) solves the nonlinear equation in (5.8)
with @ = 1. Using the Galilean invariance (5.10) we obtain the two-parameter fam-
ily of solutions

UN o (x,1)= iV +iNx Vo (x—2tN,t)= e H(VI=0?) yiNx o (x—2tN).

We fix s such that s € (—1/2,0) and take ® = N~>* and N;,N, ~ N.
First we calculate

lin.0(0) = 1y, 0 (0) 35 -

Observing that @, (E) = Q(&/®) so that Py (+) concentrates in By, (0)= {€ €
|€] < @}. From the choice of @ and s > —1/2,if & € By(£N), then |§|~ N. Then
a straight calculation yields

lny 0 (0) — .0 (0)132

Ny — N- n+N
SCNZS| 1 5 2‘ / dé /| Zdn
0] n+N,

1
< cN® (N —N2)2E ® = c(N* (N, —Ny))?,

and that
lun; w(0)|32 ~ N 0 =c, j=1,2.

Now we consider the solutions uy, o (t), tn,o(t) attime s =T, and compute

[uny,o(T) = uny,o(T)

5,2+

)

Note first that
H”vaw(T)”iz ~c, j=1,2.

In fact,

i, o(DIPs = i, 0(0) 22 . j=1.2.

Note that the frequencies of both uy, (T), j = 1,2, are localized around |§| =~ N
and hence

luny 0 (T) = uny.0(T) 152 = N*uny 0 (T) — iy 0(T) 13- (5.71)
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Next, we observe that
ZATN2—N T @2 )
un;o(x,T)=e INF=NE=TO%) o p(0(x — 2TN;)),  j=1,2.

Thus, the support of uy; o(7) is concentrated in B, -1 (2TN;), j = 1,2. Therefore,
if for T fixed, N, N, are chosen such that

T(Ni—N2)> o ' =N,
then there is not interaction and
2 2 2
l[uny 0 (T) = uny,0(T) 2 = llun, o (T2 + lun,,0(T) |2 ~ @.

The above estimate combined with (5.71) yields

uny,0(T) =ty (T) |52 > cN* 0 = c. (5.72)
Take now
Ni=N and N, :N—%,
so that

2s _ 2 _ 2
{ c¢(N*(Ny —N,))* = cé7, (5.73)

. 4s
T(Ni—Np) = T% >SN, e, T>> NT.

Since s < 0, given &, T > 0, we can choose N so large that (5.73) is valid, and

from this we see that (5.72) violates the uniform continuity. a
Recently, the study of the IVP

jdiut A u)=
idu+ Au+ Ni(u,u) =0, (5.74)
u(x,0) = up(x),
x €R", t € R, where
Ni(z1,22) = Y, Gz 25, (5.75)

a+b=k

has been of interest. Even though it does not have a physical interpretation in gen-
eral, the main purpose of this study was motivated to test new local estimates based
on X, spaces (see Definition 7.1) and their relation with the geometry of the non-
linearity Ng.

We summarize next some local results obtained for the IVP (5.74). First, we
will consider the one-dimensional situation. For the nonlinearity N, (u,) = u?, Be-
jenaru and Tao [BTo] obtained a sharp local well-posedness result in H*(R) for
s > —1. In [KPV12] Kenig, Ponce, and Vega showed local well-posedness for the
IVP (5.74) for Np(u,%) = uwi in H*(R), s > —1/4, and for N»(u,u) = uu in H*(R),
s > —3/4. Griinrock [Gr1] has shown that the IVP (5.74) is locally well-posed in
H*(R) with s > —5/12 for N3(u, %) = (&1)® and N3(u, %) = u® and with s > —2/5 for
N3(u, %) = u(ii)*. Notice that all these nonlinearities have the same homogeneity,
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but only N3(u,%) = |u|?u is Galilean invariant. For higher powers in (5.75), the re-
sults known are due to Griinrock [Gr1]. He established local well-posedness for the
IVP (5.74) when the nonlinearity Ny (u,@) has either of the following forms: ()%,
ut, ¥ and Wu in HS(R), s > —1/6, and for Ny(u, ) = |u|* in H*(R), s > —1/8.

In dimension n = 2, Colliander, Delort, Kenig, and Staffilani [CDKS] showed
local well-posedness for the IVP (5.74) in H*(R?), s > —3/4 when N, has either
the form «? or (#)? and in H*(R?), s > —1/4, when N, (u,%) = uii. In the three-
dimensional case, Tao [To3] proved that the IVP (5.74) is locally well-posed in
H*(R?), s > —1/2 for either Np(u,u) = u®> or No(u, ) = w*, and in H*(R?), s >
—1/4 for the nonlinearity N, (u,u) = ui.

Next, we deal with the existence and uniqueness question for the IVP associated
to the cubic Schrodinger equation with the delta function as initial datum.

(5.76)

i0u+ d2u4 |u|?u =0,
u(x,0) = 6(x).

t>0,xeR.

Theorem 5.14 ([KPV5]). Either there is no weak solution u for the IVP (5.76) in
the class
u, [u*u € L=([0,00) : 7' (R)) with limu(-,t) =85, (5.77)

t10

or there is more than one.

Consider now the local and global well-posedness of the periodic problem

Ou = —Au|u]*!
{l&tu uul* u, (5.78)

u(x,0) = up(x).

xeTteR, a>1.

For n = 1, Bourgain [Bo1] established local well-posedness for (5.78) in H*(T),
s €10,1/2) for a € (1,14+4/(1 —2s)). This combined with the conservation law
lu(2)]l;2 = |luoll;2 yields the corresponding global well-posedness result.

In the defocussing cubic NLS case ((+) in (5.78)) it was shown in [BGT2],
[CrCT1] that the problem (5.78) is ill-posed (the map data-solution is not uniformly
continuous) in H*(T), s < 0.

For n = 3, local well-posedness with & = 3 was proved in [Bo1] for up € H*(T?),
s> 1/2. For n > 2, local well-posedness was established in [Bo1] for o € [3,4/(n—
2s)) and s > 3n/n+4.

The problem (5.78) in an n-dimensional nonflat compact manifold M" has been
studied by Burq, Gerard, and Tvzetkov [BGT2], [BGT3]. Among other results, for
the case of the two-dimensional sphere S? they have shown that the IVP (5.78) in
the cubic defocusing case (i.e., @ = 3 and positive sign in front of the nonlinearity)
is locally well-posed in H*(S?) for s > 1/4 and ill-posed for s < 1/4.

The IVP problem (5.74) can also be considered in the periodic setting. We list
next some results regarding the local well-posedness for this IVP in this situation.
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Kenig, Ponce, and Vega [KPV12] established the local well -posedness theory in
H*(T), s > —1/2, for Ny(u,@r) = u*, and for Ny(u,%) = @*, and in H*(T), s > 0,
for N»(u, %) = um. In the two—dimens10nal case, Griinrock [Grl] showed local well-
posedness in H*(T?), s > —1/2, for N»(u,%) = %?, and in dimension three that the
IVP (5.74) is locally well-posed in H*(T?), s > —3/10, for Ny (u, ) = u>.

5.5 Exercises

5.1.
(i)  Prove that if u = u(x,) satisfies
i = —Au+ |u[*"u (5.79)

(u is the solution of the equation in (5.1) with A = 1 and the critical power
a=4/n+1in L*>(R") ) then:

ui (x,1) = ®ulx,1),
up(x,1) = (x X0,t —1o),with xo € R", 1o € R fixed,
uz(x,1) = u(Ax,r), with A any orthogonal matrix n X n,
us(x,1) = ulx — 2xgt,1) @000 with xy € R” fixed,
us(x,t) = A"2u(Ax,A%1), A € R fixed,
F 2
ue(1) = (a+ or)/? xp [4(106504|i6|wt)} u(;/jr((i)tt’ oH)—Ca)t)’ af-oy=1,

also satisfy the equation in (5.79).
(ii)  Prove that uy, uy, u3, us, and us (with different powers in 1) still satisfy the
equation (5.79) for general nonlinearity + |u|*~'u in (5.79).

5.2. Letu € H'(R") solve —Au+ au = b|u|*u, where a > 0 and b € R. Show that u
satisfies

@
/|vu|2dx+a/|u|2dx—b/|u\“+2dx (5.80)
R}‘l

(ii) Pohozaev’s identity:

2nb
(n—2 /|Vu|2dx+na/|u|2dx— & /\ %2 dx, for n> 3. (5.81)
]R)l Rn

5.3. Use Pohozaev’s identity to show that a necessary condition to have solution in
H'(R") of problem (5.8) is that the nonlinearity satisfy 1 < a < (n+2)/(n—2)
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(I<o<oo, n=1,2).

54.
(i)  Show that a formal scaling argument yields the estimate

4(a—1)

T =T(||uoll2) = c|\M0|\567 B= Ana—1)

(5.82)
for the life span of the L%-local solution as a function of the size of the data

given in Theorem 5.2.
(ii)) Review the proof of Theorem 5.2 to obtain the estimate (5.82).

5.5. Let f (x) = A f(Ax). Show that || f;, |||xp is independent of A where ||| - |Hx,, was
defined in (5.57).

5.6. Let

. = i +
t; (x,y) = X{[o,uzj]x[o,z«f]}(x’y) JEL.

Prove that
—i/4
oy, <2797,

5.7. Show that |- 4(1 1 2i1)
w1l — + 2it
t) = it
u(x,r) =e 1 +2x2 4+ 442
solves the IVP associated to
iQu+ 0*u+ |ul*u=0

with datum

-3
M(x,O) = m



Chapter 6

Asymptotic Behavior of Solutions for the NLS
Equation

In this chapter we shall study the long time behavior of the local solutions of the
IVP
{ia,u+Au+;L|u|a—1u:o, 61

u(x,0) = up(x),

t € R, x € R", obtained in the previous chapter.

In the first section we shall present results that—under appropriate conditions
involving the dimension n, the nonlinearity «, the sign of A (focusing A > 0, de-
focusing A < 0), and the size of the data up—guarantee that these local solutions
extend globally in time, i.e., to any time interval [T, T for any T > 0.

In the second section we shall see that when these conditions are not satisfied,
one can find blow up solutions.

6.1 Global Results

We shall start with the L2 case. Theorem 5.2 (sub-critical case) tells us that the IVP
(6.1) is locally well-posed in L?(R") for a € (1,1+4/n) in a time interval [0, T] with
T = T(Jjup||2) > 0. Multiplying the equation in (6.1) by i, integrating the result in
the space variables, and taking the imaginary part we get that

[lu(®)]l2 = lluoll2 (6.2)

(to justify this procedure one needs to use continuous dependence, approximate the
data uo by a sequence in H*(R"), and take the limit). The conservation law (6.2)
allows us to reapply Theorem 5.2 as many times as we wish preserving the length
of the time interval to get a global solution.

Theorem 6.1 (Global L>-solution, subcritical case). If the nonlinearity power o €
(1,1+44/n), then for any ug € L*(R") the local solution u = u(x,t) of the IVP (6.1)
extends globally with

F. Linares, G. Ponce, Introduction to Nonlinear Dispersive Equations, 119
DOI 10.1007/978-0-387-84899-0_6,
© Springer Science+Business Media LLC 2009
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u € C([0,00) : L>(R")) N LY

loc

([0,00) : L7 (R")),
where (p,q) satisfies the condition (4.16) in Theorem 4.2.

The situation for the L2-critical case (ot = 1 +4 /n),
i+ Au+ A ul*"u=0 6.3)

with u(x,0) = uo(x) € L*(R"), whose solutions are given by Theorem 5.3, is quite
different. In this case the local result shows the existence of solution in a time in-
terval depending on the data i itself and not on its norm. So the conservation law
(6.2) does not provide the desired global result. In fact, under these conditions such
a global result remains an open problem, and it has only been established under one
of the following assumptions:

@ ||luo]|2 is small enough (Corollary 5.2); and

(ii))  for the “defocusing” case, i.e., A < 0 in (6.1), with up € H*(R"),s > 4/7,
[CKSTT2] or under the decay assumption |x|' ug € L*(R"), 1 > 3/5 [Bo4].

In this case, it was also proved ([Bo2]) that if the local [%-solution provided
by Theorem 6.1 cannot be extended beyond the time interval [0, 7, ), then
at least in the two-dimensional case (n = 2) the following L?-concentration
phenomenon of the L? mass occurs: There exists ¢ > 0 such that

limsup sup /|u(x,t)|2dx20, (6.4)
T QCR2:|Q|=(T.—1)1/2 /2

where Q denotes a square in R? and |Q| the size of its side. The result in
(6.4) holds in both the defocusing case A < 0 and the focusing case A > 0 in

which, as we will see, blow up takes place but in the H I_norm.

(iii) ~ If the initial data uo(-) are assumed to be radial then:

e In the defocusing case (A = —1) global existence and scattering results
were established in [TVZ] for dimension n > 3 and in [KTV] for dimen-
sion n = 2.

e In the focusing case (A = 1) for initial data u satisfying

l[uoll2 < [@ll2,

where ¢ is the positive solution of the elliptic equation (5.8) with @ = 1
and a = 1+4/n, it was proved in [KTV] that the corresponding local
solution extends globally and scattering results hold (this is sharp).

Let us consider now the extension problem of the H'-local solution proved in
Chapter 5. We first examine the subcritical case (Theorem 5.4), ie., a € (1,1 +
4/(n—2)),n>3,0r 1 < a <=woo,if n= 1,2, where the time of existence T depends
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on the size of the data, i.e., T = T(|jug|;1). In this case if u is a solution in the
interval [0, 7], then multiplying the equation by —d;i, integrating the result in the
space variables, taking its real part and using integration by parts, one gets that for
t€10,7T]

CE@) =5 [ (Voo -

Rn

o |u(x,t)|“+1)dx:0.

So E(u(t)) is constant and E (u(t)) = E(up) or

E (uo) :/ (|qu(x,t)|2—

Rn

|u(x,t)|°‘+1) dx. 6.5)

Therefore, if A <0 (defocusing case) it follows that

sup | |Vu(x,t)|*dx < E(up),
0.7] g

which combined with (6.2) gives

sup [[u(1)|F 5 < E (o) + [luol3.
[0.7]

This allows us to reapply Theorem 5.4 to extend the local solution u to any time
interval.

In the focusing case A > 0, using the Gagliardo—Nirenberg inequality, see (3.13),
we have that for 7 € [0, 7]

() [l < €l Vau(@)13 (@)l < el Vau(@)]]3 [fuolly®, (6.6)
with 1 11y 1-6 (a—1)
—:9(777) — o=
a1 2 W) T 2(a+1)
Then,

|ua(2)] gii <C||uo||2a+l n(a—1)/2] 1V cu(t )H;(afl)/z.

This combined with (6.5) proves that if E(ug) < o, then
IVaau(t)13 < E (o) |+ cal | o |5V v ey |51 V2 67)

Assume first that o € (1,144/n), so n(a—1)/2 < 2. Then from (6.7) and the
notation y = y(¢) = ||V.u(t)||» one gets

Y < E(ug) + c||up|[ XD N2y 6.8)
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withy=2—n(0t—1)/2 € (0,2). Therefore, there exists M = M(||ug |1 2;n; ;1) >0
independent of T such that

sup [[Vau(r)|[2 < M.
0.7]

The same argument used above will allow us to reapply Theorem 5.4 to extend
the local solution u to any time interval.
In the case @ = 1+4/n the inequality (6.8) becomes

Y2 < E(uo) +c|uol|y"y>. (6.9)

Hence, there exists ¢ > 0 such that if ||uo||2 < co, then the local solution u pro-
vided by Theorem 5.4 extends to any time interval.

Finally, we consider the case @ € (1+4/n,(n+2)/(n—2)). In this case, using
the notation 6 = ||ug||2, the inequality (6.7) becomes

Y2 (1) < E(ug) + ¢ §l@HD=n(@=1/2] y24v ), (6.10)

withv=n(at—1)/2—2> 0. For |lup||12 = ||uo||2 + || Vuol|2 < p sufficiently small,

it follows from (6.10), evaluated at z = 0, that E (up) > 0. Also from (6.10) one gets

that there exists M > 0 such that y(¢t) = ||V, u(t)||2 < M, which combined with (6.2)

allows us to extend the local solution to any interval of time as in the previous case.
Summarizing, we have the following result:

Theorem 6.2. Under any of the following set of hypotheses the local solution of the
IVP (6.1) with uy € H' (R") provided by Theorem 5.4 extends globally in time, if

1. A <0,

2.A>0and a<1+4/n,

3. A>0 o=1+44/n and |uo|2 < co,

4. A >0, a>1+4/n, and |lug|12 = ||uoll2+ ||Vuol2 < p, for p sufficiently small.

The size assumption on the data in (iii), i.e., @ = 1 +4/n, can be made precise.
In [W2], Weinstein showed that

4/n 4/n
e VBRI Dol

2+4 - ’
feH! Hf||2+47,t 1+2/n

S (f) 6.11)

and the infimum is attained at ¢, where ¢ is the unique positive solution up to
translation of the elliptic problem (5.8). From (6.11) it follows that E(¢) = 0 and
that if ug € H'(R") with ||uo||2 < ||@||2, then the corresponding solution of the IVP
(6.1) with oo = 1+ 4/n extends globally in time, i.e., ¢o = ||@||2 in part (iii) of
Theorem 6.2. We shall return to this point after Theorem 6.4.

Next we consider the extension problem of the local solution of the IVP (6.1)
with ug € H'(R") in the critical case & = (n+2)/(n—2). As we shall see in the next
section in the focusing case A > 0 local solutions of this problem may blow up. So
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we first consider the defocusing case A < 0. Under these assumptions one may ask
if the local solution provided by Theorem 5.5 extends to all time and there is scat-
tering. For this problem the first result known is due to Bourgain [Bo7], who gave a
positive answer in the case of dimensions n = 3,4 for radial data, i.e., ug(x) = ¢ (|x|)
(see also [GI1]). Recently, Tao [To5] has extended Bourgain’s result to any dimen-
sion. For any data in dimension n = 3, Colliander, Keel, Staffilani, Takaoka, and Tao
[CKSTTY7] established global well-posedness and scattering results. Ryckman and
Visan [RVi] showed the corresponding result in dimension n = 4 and Visan [Vs]
obtained it for dimension n > 5.
A similar problem for the semilinear wave equation

8t2waw+\w|4/("_2)w:0, xeR", >0, (6.12)

with (w(0),9,w(0)) = (f,g) € H'(R") x L*(R") was previously solved by Struwe
[Stw] in the radial case and n = 3, and by Grillakis [GI2], [GI3] for general data in
dimensions n = 3,4, 5 (see [ShS] for a simplified proof and an extension to the cases
n==6,7).

In both cases one reviews the local existence theory to deduce what happens
if the local solution is assumed not to extend beyond the time interval [0,7*). In
this case a “concentration of energy” in small sets must occur as ¢ T 7*. In the
radial case this can only take place at the origin. Roughly speaking, to exclude this
possibility in the case of the wave equation one combines the Morawetz estimate and
the finite propagation speed of the solution. The case of the Schrodinger equation is
more involved. The corresponding local Morawetz estimate (appropriate truncated
version) [LS] (see Exercise 6.3) is significantly more difficult to establish and even
in the radial case requires an inductive argument in the accumulation of energy to
disprove the possible concentration.

In [KM1], assuming that the H'/?(R3)-norm of the solution of

iQu+Au—|uf*u=0

remains bounded, Kenig and Merle showed that the above global results apply.
Next consider the H' critical focusing case (A = 1)

i+ Au— u* "2y =0,

assuming that the data ug are spherically symmetric and 3 <n <5, Kenig and Merle
[KM2] established a sharp condition for the global existence and scattering and a
sharp condition for blow up. Let @ be the solution of the elliptic problem

AD+ DY D=0

(so-called Aubin—Talenti solution).
If E(up) < E(®) and ||Vug||2» < || P
one.

2, then the local solution extends to a global
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If E(uo) < E(®) and ||[Vug||2 > ||P||2, then the local solution blows up in finite
time.

6.2 Formation of Singularities

In this section we prove that the global results in the previous section are optimal.
We shall see that if (i)—(iii) in Theorem 6.2 do not hold, then there exists uy €
H'(R") and T* < oo such that the corresponding solution u of the IVP (6.1) satisfies

lim ||Vue()||> = oo. 1
ITHTT}H u(t)|l2 (6.13)

To simplify the exposition we shall assume A = 1. In the proof of (6.13) we need
the following identities.

Proposition 6.1. If u(t) is a solution in C([~T,T]: H' (R")) of the IVP (6.1) with
A = 1 obtained in Theorems 5.4 and 5.5, then

d
= IxPlu(x,0))Pdx =4 9m | rudu dx, (6.14)
dt

R)l Rﬂ

with r = |x| and Sm (-) = imaginary part of (-), and
ifm i dudx =2 .|Vu(x t)|2dx+(27n—n> |u(x 0% dx
T ’ arl )T - (6.15)
Rn Rﬂ R}l

Proof. To obtain (6.14)) we multiply equation (6.1) by 2u and take the imaginary
part to get
Im (2iduint) = o |ul* = — Im (2Aun) = —2div (Im (Vui)).

Multiplying this identity by |x|?, integrating in R”, using integration by parts and
that rdyu = x;0y;u (with summation convention) it follows that
d n n
" /|x|2|u|2dx :/ %120 |u[? dx = —2/ div (Sm (7 Vua))|x2dx
- 2/ S (7 Oy,10) 2x; dx = 4/ I (r 7 dyu) dx,
which proves (6.14).

For (6.15) we multiply the equation in (6.1) by 2rd, &, integrate in R”, and take
the real part of this expression to get
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T (2i / rd, @ dudx) = i / F(3, 7 Ot — Oyud, ) dx

:—2%’6/ r&,ﬁAudx—Z%’e/r&,ﬁ|u|a71udx.

(6.16)

By integration by parts and the equation in (6.1) it follows that

i / r (O prt— Audy ) dx — i / 3 (9T St — Oy, udy ) dx

=i (udim)) dx

Xj (0 (Oy; 1t u) — 9y

J

&\'

—la/ru&ﬁdx—!—ni/u&lﬁdx

jt( /”‘a”dx) (/.M(Aﬁ+|u|a’lﬁ)dx)

d
== ( /rua udx —n/|Vu\2dx+n/| 1% .
(6.17)

Similarly, we see that
2 Ke (/ rarﬁAudx) =2%e (/ Xj 8x_/ﬁ8)3kudx)

:2.%’6(—/\Vu|2dx7/xjaxkuaxk(?xjﬁdx>

— —2/ |Vu|2dx—/xjaxku8xk8xjﬁdx
—/xj8xkﬁ8xk8xjudx (6.18)

_ —2/ |Vu|2dx+n/ IVl dx
+ /xjaxk%cju(?xkﬁdx— /xﬁxkaxju&)(kﬁdx

_ (n72)/|Vu|2dx.

Also,
2%e (/ |u\a71ru8rﬁdx> = 2%e (/ |u\a71uxj8xjﬁdx)

:/xj(|u|2)<a_1)/2(9xjuﬁ+uaxjﬁ)dx

_ 2 . 2y (o+1)/2
— 1 [y )

_ OH—ld
a+1/|| N

Collecting the information in (6.17)—(6.19) we can rewrite (6.16) as

(6.19)
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d 2
Eﬂm (/rﬁ&,udx) :2/ |Vu|* dx+ (T_l:l—n) / |u|* ! dx,
which yields (6.15). O

In the last proof we used implicitly the following result commented on at the end
of Chapter 4.

Proposition 6.2 ([HNT2]). If u is a solution of the IVP (6.1) in C([~T,T]: H'(R"))
provided by Theorems 5.4 and 5.5 such that xjug € LZ(R") for some j=1,....n,
then

xju(-,t) € C([-T,T]: L2(R™)).

Thus, if up € L*(R", |x|* dx), then
u(-,t) € C([-T,T]): H' NL*(|x|* dx)).

Now we shall prove one of the main results in this section.

6.2.1 Case o (1+4/n,1+4/(n—2))

Theorem 6.3. Let u be a solution in C([0,T]: H'(R")NL*(|x|?dx)) of the IVP (6.1)
with A = 1 provided by Theorems 5.4 and 5.5 and Proposition 6.2. Assume that the
initial data ug and the nonlinearity o satisfy the following assumptions:

2
@) [ (1Vuol = ool ") dx = Euo) = By <0,
(i) ae(1+4/n,1+4/(n-2));
then there exists T* > 0 such that

lim ||V = oo, 6.20
Jim [|Vau(2)]l2 (6.20)

We observe that condition (i) implies that ||uo]|1 2 is not arbitrarily small. In par-
ticular, for any uo € H'(R") one has that Eg(vug) < 0 for v > 0 sufficiently large.

In the proof we just need o > 1+4/n, therefore the theorem extends to solutions
ue C([0,T]): H*(R")NL*(|x|*dx)), a < oo forn <4and a <n/(n—4) forn > 5.

Proof. We first assume that .%m ( | riig 9y ug dx) < 0. We define

£(6) = — o / F(Oum) (x,1) dx.

By hypothesis f(0) > 0. Using identities (6.15) and (6.5) it follows that
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7)== [ IVutsnPar— (2 / )]
(04
N (6.21)
— 2 . o+l
= 2/\Vu(x,t)| dx—!—n( 2 OH—l /|uxt [*" dx

a+1

:—2/|Vu (5,0)Pdv+n (5= 1) /|Vu(x,t)|2dx—E0)
—{2— (aT—H—l /|Vu(x,t)|2dx—n(a—;1 —I)EO

> M||Vu(t)|3,

since by hypothesis Eyp < 0, & > 1 implies that (¢ +1)/2—1>0,and a > 1 +4/n
implies that n((a+1)/2—1)—2=M > 0.
From (6.21) f(¢) is an increasing function, so f(t) > f(0) > 0 forallz > 0.
Now we use (6.14) to see that

& [Pl av=4.m [ r(aou)(x0dx=—4£0) <
Thus, i(t) = [ |x|*|u(x,t)|? dx is a decreasing function with

< [ Bfluolo) P dx = h(0).

The Cauchy—Schwarz inequality tells us that

10| = £0) = ~sn [ r(wou)(r.0)dx

S(/2|u|(xtdx /|8u| xtdx)/
< (h(0))2(|Va(1) |2,

which combined with (6.21) proves that f () satisfies the differential inequality

710> 4155 (FO)
7(0)>0
Hence, OO
(HO) AT 2 1) 2 1o O ©22)
Defining
Th = ]V/[l](‘(zZ)) >0 (6.23)

we obtain (6.20) with T* = T
Next we consider the case .%m ( | riig 9y ug dx) > 0. From (6.21) it follows that
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d _ B 2(n+2)
Eﬂm/ruaru(x,t)dx—ZEo—F( )

~n) /|u(x,t)|“+1 dx < 2Ey
because a > 1+4/n. Hence since Ey < 0 there exists 7 > 0 such that
Im /rﬁaru(x,f)dx< 0

and we are in the case previously considered. a

The previous result gives us an upper bound on the life span of the local solution
in H' since we have shown that the existence of the interval of time [0, 7*) implies
(6.20). This only tells us that the time of life span 7" of the solution is less than or
equal to Tp as above. It is easy to see that the LP-norm with p > o+ 1 of the solution
u, that is ||u(r)|| », also satisfies an estimate of the type described in (6.20).

6.2.2 Case oo =1+4/n.

In this case, n(1—2/(a+1)) =4/(o.+1), (6.15) can be rewritten as

2

d = _ 2 o+l _
dtfm/ruarudx—Z(/|Vu(x,t)| dx a+1/|u(x,t)\ dx) =2E).

Integrating this equality we see that
Im / ru dudx = Im / rilo Orug dx + 2t Ey,
which combined with (6.14) tells us that
d 5 ) _
pn |x|7|u(x,2)|"dx =4 Sm | ripdyuodx+ 8tEy.
Integrating again, we obtain the identity
/ P, 1) dxe = || | wo |3 + 41 Im / riio dyuto dx + 4 Ey. (6.24)
Assume first that either (i) Ey < 0 or (ii) Eg < 0 (with Eq as in Theorem 6.3 (i))
and m [ riig dyugdx < 0 or (iii) Ey > 0 and Im [ riig dyuodx < —/Ep || |x| uo||2-
Suppose that the desired result (6.20) does not hold, i.e., the H I_solution can be

extended globally.
Our assumptions and (6.24) allow us to deduce that there exists 7* such that

li . =0. 6.25
tim | .02 (625)

Now, we recall Weyl-Heisenberg’s inequality (see Exercise 3.11): For any f €
H'(R™) N L*(|x|* dx)
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2
I£11Z < LAl V£l (6.26)

Notice that (6.22) still holds when one substitutes x by x — a for any fixed a € R".
Combining (6.2) and (6.26) it follows that

2
0 < [luol3 = llu(®)F < ~ Il Ixlu(0) 12 [Va(-0)la;

which together with (6.25) leads to a contradiction. Therefore it follows that

li Vu(t)||p = oo.
lim |[Va()]2

Thus we have proved the following theorem.

Theorem 6.4. Let u € C([-T,T]: H'(R") N L*(|x|>dx)) be the solution of the IVP
(6.1) with a = 144 /n obtained in Theorem 5.4 and Proposition 6.2 such that the
initial data ug € H' (R") N L?(|x| dx) satisfy

(i) Ey <O,
(ii) Eo <0 and Im /rﬁo drugdx < 0,
or

(iii) Eop > 0and Sm / r gy deugdx < —+/Eo || |x|uol|2,

where Ey was defined in Theorem 6.3 (i). Then there exists T* for which identity
(6.20) holds.

It is important to notice that (6.25) has not been proved as part of Theorem 6.3,
since the singularity in (6.20) could form before time T*, i.e., Ty < T*, Ty being the
time when the inequality (6.20) occurs since we assume the existence in the time
interval [0, 7p]. However, when Tp in (6.20) and T* in (6.25) coincide then (6.20),
(6.2), and (6.25) ensure that

lu(-,)] — cb(+) (“concentration”) (6.27)

when ¢t T T* in the distribution sense.
In the critical case @ = 1 +4/n the pseudoconformal invariance tells us that if
u = u(x,1) is a solution of the equation in (6.1) with @ = 1+4/n and A = +1, then

ei|x\2/4t x 1

v(x,t) = Wu(;’;) (6.28)

solves the same equation for # # 0, with v(-,7) € H Y(R™) N L?(|x|?> dx). In particular,
in the focusing case A = 1, if u(x,t) = '® @(x) is the standing wave solution of the
equation in (6.1) see Chapter 5 (5.7)—(5.8), to simplify the notation we fix ® = 1.
Then
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(x> =4)/4

z(x,1) = i ? (;) (6.29)

is also a solution in C(R — {0} : H' (R")NL?(|x|*> dx)), which blows up at time t = 0,
ie.,

lim ||Vz(t) |2 = oo.

im [[V2(1)]2

Moreover, ||Vz(t)||2 ~c/t.

The next result tells us that this is the “unique” minimal mass blow up solution.
Observe that ||z(r) |2 = ||@||. and as it was commented before if ||ug||2 < ||@]|2, then
the corresponding H'-solution extends globally in time.

Theorem 6.5 ([Me3]). Let u; be a solution of the IVP (6.1)with A =1, a = 1+4/n,
and data uy o € H'(R") with

luroll2 = [l@ll2

where @ is the unique positive solution of the elliptic problem (5.8). Assume that u,
blows up at time T > 0, i.e.,

lim ||V = oo, :
lim | Va1 ()12 (6.30)

Then . n
_ T Ji(x—4) /(T 1) X
ul(xﬁ)f(T—t) ¢ (p(T—t)
up to the invariance of the equation (see (5.9)—(5.10)).

Next we consider the IVP (6.1) as in Theorem 6.5, i.e., A =1, « = 1+4/n, and
uy € H! (R™), n = 1,2 (so that the nonlinearity is smooth). Assuming that for some
& > 0 sufficiently small

luoll2=ll@ll2+8

and that (6.30) occurs, Bourgain and Wang [BoW] have shown that the correspond-
ing solution u can be written as

u(x,t) = uy (x,1) +up(x,1),

with #; as in Theorem 6.5 and where u; remains smooth after the blow up time 7,
i.e., for some p > 0,

oy + Auy + |u2|4/"u2 =0, re (T—p7T+p),

with up (x,T) = ¢ (x), where ¢ is smooth, with fast decay at infinity and vanishes at
0 of sufficiently high order.

In particular, this result tells us that at the blow up time the solution does not
need to absorb all the Z?-mass.

The following result is concerned with the concentration phenomenon in the
blow up solutions.
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Theorem 6.6 ([Me2]). Given T > 0 and a set of points {xi,...,x;} C R", there
exists an initial datum ug such that the corresponding solution of the IVP (6.1)
with A = 1 and a = 1 +4/n blows up exactly at time T with the total L*-mass
concentrating at the points {xy,...,x;}.

Next we comment on the blow up rates. As a consequence of the H'-local exis-
tence theorem (Theorem 5.19) we have,

Corollary 6.1 ([CzW4)). If the solution of the IVP (6.1) satisfies

lim [Vu(t) ||z = oo, (6.31)
then
Vu(t)||2 = co(T* — 1)~/ (@ D=(1=2)/4) (6.32)

We recall that (6.31) can only occur in the focusing case A = 1 with a > 1+4/n.

Proof. For ty < T* we consider the IVP (6.1) for time ¢ > #p with data u(zp). By
hypothesis the solution cannot be extended in H' beyond the interval [0, 7*). From
the proof of Theorem 5.4 (estimates (5.37)—(5.38)), it follows that if for some M >
c|lu(f)]12 one has that

cllulto)l2+c(T —1)° M* <M, &= 1—%, (6.33)
then T < T*. Therefore, for all M > ¢ ||u(to)||1 2
cllu(to)]12+c(T* —10)° M* > M. (6.34)
Choosing M = 2c¢||u(ty)||1 2 it follows that
(T* —10)° [[u(to) |5 " > co. (6.35)
Since ||u(t)]]2 = ||uol|2 it follows that
IVu(to) |2 = co(T* — 1)~/ (@ 1) = ¢o(T* — 1)~/ (&= D= (n=2)/4)
O

Thus on one hand we have that, in the critical case @ = 1+ 4/n, Corollary 6.1
gives the following estimate for the lower bound for the blow up rate

IVau(t) |2 = eo (T* —1)/2.

On the other hand, numerical simulations in [LPSS] suggest the existence of
solutions with blow up rates as

g\ 1/2
In|In|T tH) . 636)

T —t

IVauo)lla ~ (
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The constructions of the two previous blow up solutions imply the following:
there are at least two blow up dynamics for (6.1) with two different rates, one which
is continuation of the explicit z(x,) blow up dynamic with the 1 /(T —1) rate (6.31),
and which is expected to be unstable; another one with the log-log rate (6.36), which
has been conjectured to be stable.

In the one-dimensional case (n = 1), Perelman [Pel] established the existence of
a solution blowing up at the rate described in (6.36).

In [MeRal], [MeRa2] Merle and Raphael have obtained general upper bound
results for the blow up rate. More precisely, they characterize a set of data, i.e.,

%W=Wwﬂmwr/¢g/mfs/¢+wh (6.37)

where a* is a small enough parameter and Q is a ground state solution of (6.1), for
which the corresponding solutions of the IVP (6.1), with @ = 1 +4/n and A = 1,

satisfying
1/ Im([ Viun)\2

blow up with an upper rate of the form

In|ln|T* — 1/2
M) . 6.39)

Vo) < (F—

Regarding the dynamics of the blow up solutions Raphael [Ral] established the
following result:

Theorem 6.7 ([Ral]). Let n = 1,2,3,4. There exist universal constants C*, C{ > 0
such that the following is satisfied:

(i)  Rigidity of blow up rate: Let uy € By with
EG(”O) > 07

and assume the corresponding solution u(t) to (6.1) blows up in finite time
T < oo; then there holds fort close to T either

log\log(T—t)\)l/2

[Vautr) 2 < € (22

(6.40)
or

G
(T —t)x/E(;(uo) '

(ii)  Stability of the log-log law: Moreover, the set of initial data uy € By such
that u(t) blows up in finite time with upper bound (6.40) is open in H'.

IVau()]|2 >



6.3 Comments 133

6.3 Comments

The results shown in Section 6.1 are due to Glassey [G2], based on previous ideas
of Zakharov and Shabat [ZS]. Section 6.2 was based on ideas of Tsutsumi [Ts] and
of Nawa and Tsutsumi [NT]. Proposition 6.1, crucial in the proof of Theorem 6.2,
is known as “the pseudoconformal invariant property” and was proved by Ginibre
and Velo [GV1]. Observe that all these blow up results apply to local solution u €
C([0,T] : H'(R") N L?(|x|*dx)). In [OgT] the one-dimensional case n = 1 critical
case & = 5 the weighted condition xug € L*(R) was removed. The formation of
singularities in solutions of the problem associated to the equation in (6.1) in the
case of boundary and periodic values was studied in [Ka].

We recall that the existence of solutions in L?> for the critical power o = 1+
4/n was proved in Theorem 5.2 (see [CzW2]). Using this result we have that an
extension is only possible when the Lz-lim,TT0 u(t) exists. The identity (6.2) assures
the existence of the limit in the weak topology of L?. It was proved in [MT] that
the weak limit does not exist and moreover that the same extension does not exist.
This shows that if a solution that corresponds to radial data and dimension n > 2
develops singularities, then this solution satisfies (6.20) and (6.25).

Recently, Raphael [Ra2] studied the dynamical structure of the blow up for the
quintic nonlinear Schrodinger in two dimensions, i.e., the equation in (6.1) with
o =5, A =1, and n = 2, which is supercritical in 12, Among others results he
showed the existence of H! radial initial data for which the associated solutions
blow up in finite time on a sphere of strictly positive radius.

Corollary 6.1 was taken from Cazenave and Weissler [CzW4]. There they also
showed that the IVP (6.1) with data ug € H*(R"), s € (0,1), and ||(—A)*%uo||
sufficiently small and nonlinearity o = 1+4/(n — 2s) has a unique global solution
(notice that the cases s = 0, s = 1 were covered in Corollaries 5.2, 5.4, respectively).
This result holds in both the focusing and defocusing case. In fact, it is just based on
the homogeneity of the nonlinearity so it applies to any nonlinear term of the form
f(u,u) with f(Au,Au) = A% f(u,u).

Based on a pioneering idea of Bourgain [Bo5], one can obtain a global solution
below the “energy norm,” which in this case is H'. The argument in [Bo5] has
been significantly refined in a sequence of works of Colliander, Keel, Staffilani,
Takaoka, and Tao [CKSTT1], [CKSTT2], [CKSTT3]. For the IVP (6.1) with A <0
they have shown that in the cases (n,a) = (1,5), (2,3), (3,3), up € H*(R"), s >
1/2,1/2,4/5, respectively, suffice for the global existence. In the last case (n, o) =
(3,3) with radial initial data the condition is lower: s > 5/7. Notice that in the
above cases the IVP (6.1) is locally well-posed in H*(R"), with s > 0,0,1/2. So it
is unclear whether these results are optimal.

Now we regard the problem of the rate of growth of the higher Sobolev norm.
Consider the IVP (6.1) defocusing case A < 0 with € (1+4/n,(n+2)/(n—2)).
Theorem 5.4 provides the global solution for data ug € H' (R") with

sup [|u(t)[[12 < eo.
teR
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Assuming that uy € H*(R"), s > 1, and the nonlinearity is sufficiently smooth, one
can ask what are the best possible bounds for [|u()||s2 ~ ||(—4)*2u(t)]]>.

Standard energy estimates will give an exponential upper bound. In [Bo6] Bour-
gain showed that if » =3 and o < 5, then

lua(2)ls.2 < e

for some constant c. In [Stal] Staffilani refined the arguments seen in [Bo6] and
among other results in the case (n, ) = (1,3) she showed that

”u(t)HSJ < CM“ as t — oo

with g =2/3(s—1)".

Concerning the asymptotic behavior of the H!-global solution of the IVP (6.1)
obtained in Theorem 6.2 one has the following L”-norm decay result due to Ginibre
and Velo [GV2].

Theorem 6.8. Assume
4 4
A <0, ae(l—f,l—s——)? and n> 3. (6.41)
n n

Then for each ug € H'(R") the corresponding global solution u(t) of the IVP (6.1)
provided by Theorem 6.2 (i) satisfies

. 2n
tim [lu(t)][, =0 forpe (2, m) (6.42)
In addition, in [GV2]-[GV3] Ginibre and Velo proved the following theorems:

Theorem 6.9. Under assumption (6.41), for each uy € H' (R") there exists a unique
uy € H'(R") such that

lim lle"Aug —u(t)|li2=0 (6.43)
with
g 12 = lluoll2, and || Vug |13 = E(uo).-

Theorem 6.10. Under assumption (6.41) for each ui € H'(R") there exists a
unique ug € H' (R") such that (6.43) holds.

Theorems 6.9 and 6.10 were used in [GV2]-[GV3] to define (continuous) maps
W= (asymptotic states) and QF (wave operators) in H'(R"), respectively, as
WE(ug) = ug and Q*(ug) = ug. Hence, WEQ* =1 on H'(R") and one has the
scattering operator S = W Q ™, with S(u;) = ug . For extensions of these results
see [GV2], [GV3]; for results in the cases n = 1,2 see [Na].

Regarding global well-posedness for the periodic problem
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{i&tu:—Au:I:|u|°‘1u, (6.44)

u(x,0) = up(x).

xeT", teR, o> 1, we have the following results:

For n =2, Bourgain [Bo1] showed that (5.78) with & > 3 in the defocussing case
((-) sign) is globally well-posed. A similar result holds for the focusing case ((+)
sign) under the additional assumption of ||ug||;2 small enough or for o¢ > 3 assuming
that ||uo||1 2 is sufficiently small. In [BGT1] Burq, Gerard, and Tzvetkov proved the
existence of finite time (7 < o) H' blow up solutions, with data close to the ground
state, i.e., limyy7 [|u(r)||1 2 = oo for (5.78) with @ = 3 in the focusing case. Moreover,
they found the precise rate of the blow up showing that (7 —¢) ||u(¢)]|1.2 ~ co.

Finally, we will describe some results concerning the stability and instability of
standing waves. Before doing that we will introduce the following notation:

A={uc H'(R"); u#0and —Au+ ou = |u|* 'u} (6.45)
and
G={ucA; S(u) <S(v) forall veA}, (6.46)
where L . i i
L v _7/ o+l _9/ 240
S(u) 2./| uPdx——— [ 1" =2 [ juPax
R)l Rﬂ Rn

The functions in the first set are called bound states and the members of the second
one are said to be ground states.
If we require the conditions be satisfied

i) a=1+4/n, o>0and @ cAor

() 1+4/n<a<n+2)(n—2),( 1+4/n<a <o, n=12), ® >0 and
9 <G,

then u(x,t) = ¢/ ¢(x) is an unstable solution of (6.1), in the sense that there is a
sequence { @y }men C H'(R™) such that

On— ¢ inH'(R")

and such that the corresponding maximal solution u,, of (6.1) blows up in a finite
time for both # > 0 and # < 0.

The result in case (i) was established by Weinstein [W2] and case (ii) was proved
by Berestycki and Cazenave [BC2]. The methods of proof involve variational meth-
ods.

On the other hand, if we let | < oo < 1+4/n, ® >0, and ¢ € G, then the
solution u(x,t) = €'’ ¢(x) is a stable solution of (6.1), in the sense that for every
€ > 0 there exists §(¢) > 0 such that if y € H'(R") verifies ||@ — y||;1 < 8(¢),
then the corresponding maximal solution v of (6.1) verifies
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sup inf inf ||v(-,? — (. — <e.
sup inf. i, [¥(-1) ~¢*9(- —) o <
This result shows orbital stability in the subcritical case. It was established by
Cazenave and Lions [CzL]. Extensions of this result to other dispersive equations
can be found in [AL].
The interaction of solitary waves

R(x,1) = V- VPrvor0) o oy xp), (6.47)

with v, xo € R", @, 6 € R, o > 0, and ¢4 a solution of (5.8), is not yet well
understood. For example the detailed description of solutions of the IVP (6.1) with
A > 0 and data

N N
uo(x,0) = ZRj(x,O) = Z Vi) o (x—xp), N >2 (6.48)
Jj=1 J=1

such that 3 j, k € {1,...,N}, j #k, and ¥ > 0 with
|2(Vj — Vk)/t\— ()C()j —ka)‘ <1

(i.e., at t =7 the solitary waves R;(x,t) and Ry (x,t) interact) is quite open. In the
integrable case n = 1, oo = 3 [ZS] the scattering theory describes the solution u(x, )
in terms of the data as a nearly perfect interaction between solitary waves. In the
nonintegrable case, numerical simulations predict a similar behavior which has not
been rigorously established. However, some results are known: In [MM7] Martel
and Merle for the L2-subcritical case (1 < ot < 1+ 4/n) proved the existence of
multisolitary waves. More precisely, for

N
R(x,1) = Y i MiPoi0) o (21— xg) (6.49)
j=1

the sum of the N-traveling waves in (6.47) with v; # v if j # k, they showed that
there exists u € C([0,) : H' (R")) solution of the equation in (6.1) with 2 > 0 such
that for all 7 > 0

IR(-,1) —u(-1)|[12 < ce”®" for some ¢, ot > 0. (6.50)

Notice that in the L?-subcritical case the solitary waves are stable (see [CzL]),
(for other results in this direction see [Pe2].)
In the same vain in [HZ], [HMZ], and [DH] the time evolution of the solution of
the IVP
{@”Hfu—qéo(x)w|u|2u=0, 65

u(x,0) = eV *sech(x — xo), X0 < —1,

q € R, has been studied. Notice that if g = 0 the solution of (6.51) is the soliton
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u(x,t) = ¢ e V' sech(x — 2vr —xp), (6.52)
and that for g # 0 the “soliton” should interact with the localized potential at time
t ~ |xo|/v. In [HZ] it was shown that for |g| < 1 the “soliton solution” of (6.51)
remains “intact.” In the repulsive case (¢ > 0) for high velocity (v > 1) it was proven
in [HMZ] that the incoming solution split into transmitted and reflected components
(traveling a velocity v to the right and to the left, respectively). The attractive case
(g < 0) was studied in [DH].

In the one-dimensional L>-supercritical case

idhu+ d2u+u|*'u =0, a>5,

it is known that the traveling wave solution in (5.13) is unstable. In [KrS] a kind of
“finite dimensional version” of the stable manifold for the ODE system was con-
structed.

6.4 Exercises

6.1.

(i)  Leta € (1,1+4/n]. Prove that the local L?-solution of the VP (5.1) provided
by Theorems 5.2-5.3 satisfies the identity (5.2).

(i) Leto € (1,1+4/(n—2)]. Show that the local H'-solution of the TVP (5.1)
provided by Theorems 5.4-5.5 satisfies the identities (5.2)—(5.3).

(iii) If in addition to the hypothesis in (ii) assuming that |x|up € L*(R") prove
(5.5).

(iv)  Assume A < 0 (defocusing case) and o > 1+ 4/n with the hypotheses in
(iii); prove the decay estimate

(@) a1 < cr™ 2D,

6.2. Consider the IVP (6.1) with & = 1 +4/n. Let u() be its global L?-solution
corresponding to a datum ug € L?(R") with ||u||>» < € provided by Theorem 6.2
(iii).
(i)  Prove that there exist uy- € L*(R") such that

u(t) = e uf +Ro(r) with Jim_[[Re(1)[|2 = 0. (6.53)
(i) Prove that (6.53) fails for arbitrary ug € [? (R™).

Hint: (i) Using Theorem 4.2, inequality (4.15), and Corollary 5.2 prove that
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too
uy = up+ / oA lu[*"u(d)di' € L*(R™).

(ii) Use the standing wave solutions in (5.12).

6.3. (Morawetz’s estimate) Consider the IVP (6.1) in the defocusing case A = —1,
with &« < 144/(n—2),and n > 3. Let u € C([~Tp,Ti] : H' (R")) be the local solu-
tion of this problem provided by Theorem 5.4.

@) Prove the following estimates:

(a)
%e/iatu(arﬁ—&— (n;rl)ﬁ) dxz%’e%%/iu&rudx.
(b)
FKe /Au (8rﬁ—|— (n; l)ﬁ) dx <0.
(©

,@e/—u|alu<8rﬁ+(n1)ﬁ>dx=—2a1)/(n2r1)|u|a+1dx

where r = |x]|.
(i)  Using part (i) and the equation in (6.1) show that

1d . n—l u(x,)|*+1
S / wdade> @ / it ‘ dv.  (6.54)

(iii) Integrate (6.54) in the interval (¢;,72) C [—To, ;] to get

f ulx. )|+
J [ < et e 659)

1 R»

(iv)  Use Theorem 6.2 to conclude that if in addition & < 144 /n, then the global
solution u € C(R : H'(R")) satisfies

| |oc+1
/ / dxdt < . (6.56)

—oo RN

(Notice that |x|~! is not integrable around the origin, so (6.56) gives informa-
tion over the movement in time of the solution around the origin.)



Chapter 7
Korteweg-de Vries Equation

In this chapter we will study the local well-posedness for the IVP

v(x,0) = vo(x), 7.D

{8,v+8x3v+vk dwv =0,
x,t €R, k € Z*. The family of equations above is called the k-generalized Kor-
teweg—de Vries (k-gKdV) equation. The case k = 1 is known as the Korteweg—de
Vries (KdV) equation and is the most famous of the family. It was first derived as
a model for unidirectional propagation of nonlinear dispersive long waves [KdV]
but it also has been considered in different contexts, namely in its relation with
inverse scattering (see Chapter 9, Section 9.6 for a brief introduction to it), in plasma
physics, and in algebraic geometry (see [Mu] and references therein). The case k =2
is called the modified Korteweg—de Vries (mKdV) equation. Like the KAV equation it
models propagation of weak nonlinear dispersive waves and it also can be solved via
inverse scattering, i.e., this is a completely integrable system. There is an important
relationship between these two equations given by the Miura transformation [Mul].
More precisely, if we assume u to be a solution of the mKdV equation then

v =iV6du+u? (7.2)

is a solution for the KdV equation. This relation was first used to obtain the inverse
scattering results for both equations. Below we will return to this transformation
when we discuss global and ill-posedness results.

The KdV and mKdV equations have an infinite number of conserved quantities
(see [MGK]). For k > 2, that is not the case. However real solutions to the k-gKdV
equation have the following conserved quantities: total mass

L(v)= /oov(x,t)dx: /wvo(x)dx; (7.3)

the L2-norm

F. Linares, G. Ponce, Introduction to Nonlinear Dispersive Equations, 139
DOI 10.1007/978-0-387-84899-0_7,
(© Springer Science+Business Media LLC 2009
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L(v)= / Vv (x,t)dx = / V3 (x)dx; (7.4)

and the energy

L(v) = /m ((axv)tckvk”)(x,t)dx: /w ((vg)z—ckv’5+2)(x)dx, (7.5)

where ¢, = 2{(k+1)(k+2)} 1.

The k-gKdV equation admits solitary wave solutions having strong decay at in-
finity. These solutions are given by v x(x,7) = @ x(x —ct), ¢ > 0 (c is the propaga-
tion speed) where

dex(x) = { (k—;z)csechz(g\/gx)}l/k (7.6)

are the unique (up to translation) positive solutions decaying at infinity of

1
" k+1

— =0. 7.7
o+ + 0 (1.7)
To motivate the local results that we will describe in this chapter we first note
that if v solves (7.1), then, for A > 0, so does v, (x,1) = A**v(Ax,A%r), with data

vy (x,0) = A2/%v(Ax,0).

Note that

v (. 0) |z = D52 (-, 0) 2 = A24H 12w (-, 0) | s (7.8)

This suggests that the optimal s, for the power k, is s = sy = 1/2 —2/k. Thus s; > 0
if and only if k > 4. Another consequence of this scaling argument is the form of
the speed dependence of the solitary waves.

A simple computation shows that

19ckllizs = [1D*@ekll2 = ax, independent of c, (7.9)

and if s # sy, [|[D* @ x||» — 0 as either ¢ — 0 or +-eo. Later on we will illustrate the
significance of this.

The best local well-posedness results in Sobolev spaces H*(R) known for the
k-gKdV equation can be summarized as follows:
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k scaling result
1 s:—% sz—%
2 sff% szé
SZ—% sZ—%
k2] s=3-% | 5213

In this chapter the local results apply to both real and complex solutions. In Chap-
ter 8, where we will study global well-posedness for the k-gKdV, we will only con-
sider real solutions since they satisfy the conservation laws (7.4) and (7.5).

Here we will provide the proofs of the local results for the IVP associated to the
KdV (k= 1), mKdV (k = 2), and the critical gKdV (k = 4) equations.

The approach we will follow for the last two equations is closely related to the
previous one described for the NLS equation. However we shall remark that the sit-
uation faced here is more difficult to deal with due to the presence of derivatives on
the nonlinearity that causes the so-called loss of derivatives. The idea is to analyze
the special properties of solutions of the associated linear problem, such as smooth-
ing effects like those of Stricharz (4.27) and Kato type (4.45), maximal function
estimates combined with interpolated estimates. These plus some commutator esti-
mates for fractional derivatives and the contraction mapping principle are the main
ingredients in this method.

On the other hand, to establish local well-posedness (LWP) for the IVP associ-
ated to the KdV equation we will use the function spaces X; j introduced in [Bol].
These functions spaces have a norm given in terms of the symbol of the associated
linear operator (in this case d; + d7) and have been very useful in analysis of the in-
teraction between the nonlinear and the dispersive effects. In this point the so-called
bilinear estimates play a main role to obtain sharp results.

In Section 7.3 we will also list some results regarding the supercritical case (k >
4). There we will use (7.6) and (7.9) mentioned above to illustrate ill-posedness
results and thus the sharpness of the LWP results for the g-KdV equation for k > 4.

7.1 Linear Properties

In this section we will establish a series of estimates for solutions of the linear IVP,

(7.10)

dv+d3v=0,
v(x,0) = vo(x).

x,t € R, These estimates will be useful to show sharp local well-posedness results
for the IVP (7.1) for k =2 and k > 4.
We first recall that the solution of the IVP (7.10) is given by
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v(x,1) =V (t)vo(x) = S; xvo(x), (7.11)

where

oo

" ; 3.3 1 X
S;(X) _ / emeljeBﬂ it€ dé _ \3751 (%)

(see (1.30)).

Notice that {V () };2_., defines a unitary group operator in H*(R) (see Proposi-
tion 4.2).

We begin by showing a sharpened version of the “local smoothing” effect found
by Kato and Kruskov and Faminskii (see (4.45)) for solutions of the linear equation
(7.10) and the inhomogeneous problem

{afv—&-(?fv:f, (7.12)
v(x,0) =0,
x,t €R.
Lemma 7.1. The group {V (t)};>__, satisfies
[V (t)voll 22 < clvoll2, (7.13)
‘
102 [ Ve~ at | < el (7.14)
0

Remark 7.1. The proofs show that in (7.13) and (7.14) we can also have D',
D>y real.

Remark 7.2. To simplify the exposition from now on we will omit the 27 factor in
the Fourier transform. Thus in particular we will write

V) = [ &R E) ag.

Proof. We only give the proof of (7.13), and refer to the proof of Theorem 4.4
estimate (4.24) for an argument similar to that needed to obtain (7.14).
The change of variables £3 = 1 shows that

AV (tvo(x) = = [ e 23N Bg 13 an,

Q| —
|
8\8

Using Plancherel’s identity (1.11) in the ¢ variable, we get
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oo

”a V VOHLZ _ / zxnl/% 72/3+1/3A ( 1/3> zdr’
= [ @)L,
using n'/3 = . This proves (7.13). O
A consequence of (7.13) is
Corollary 7.1.
[E? /7 Vit =g dr' |12 < clgll o (7.15)

Remark 7.3. The result in (7.15) is equivalent to (7.13) by duality. Note that this
corollary implies

sup || o /Vt—t Nar'|| < cllgllppe- (7.16)
te[-T,T]

The next lemma will be useful to obtain maximal function estimates.

Lemma 7.2. For any x € R,

|It(x)\ _ ‘ / ei(x5+t§3) |‘§|dé’ < C(1+ |’Y|) (7.17)

1/2+iy | — |x|'/2

for y real.

Proof. Since for t = 0 the result is obvious (Exercise 1.14), we assume ¢ # 0 and
see that a dilation argument reduces the proof to show

! c(1+[v)
I (x)] < W

This can be done using a similar argument as the one in the proof of Proposition
1.6, taking into account the following sets:

Q ={feR:[g]<2},
QD ={5¢ Q1 : 387+ < |x]/2},
(02 :R—(Qlugg).

Next we have maximal function estimates for solutions of (7.10).
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Lemma 7.3.
1/4
I sup [V(volllzs = IV (0)vollsze < e 1D *voll2, (7.18)
—oo<f <o
1
—1/24i
Dy 27 / V(=) dr | e < el fl 3, (7.19)
0

where Y is real.

Remark 7.4. The estimate (7.18) due to [KR] is sharp in the sense that for any p #
4 on the left hand side will require even in a finite time interval more than 1/4
derivatives on the right hand side of the inequality.

Proof. Showing estimate (7.18) is equivalent to proving
—1/4+iy
[[Dx V()vollparz < cylvoll2. (7.20)

Hence we do so for y = 0 and prove (7.20).

We will see that a version of (7.19) implies (7.20) by a method that follows the
proof of the Stein—Tomas [ 2-restriction theorem for the Fourier transform. In fact,
duality shows that (7.18) is equivalent to

[ / DV (W)t 2 < gl s,
Squaring the left hand side of the inequality we obtain
I /OO D;1/4V(t)g(~,t)dt“§ = // g(x,1) /OO Dy PVt —1)g(- 1) dt dxdt,
so that (7.18) follows from
I /OODX1/2V(t—t’)g(~,t/)dt’HL§L;q gcugnLiﬁL}. (7.21)
Next, we observe that (7.17) shows that
| / DVl | < f lg(-,1")|dr.

Thus, inequality (7.21) can be deduced from the Hardy-Littlewood—Sobolev theo-

rem (Theorem 2.6), since 1 L*3 — L*. The estimate (7.19) follows by the

c
|X|1/2

same argument. O



7.1 Linear Properties 145

Lemma 7.4.
1. If v € L*(R), then

IV (@)voll g 10 < cllvoll2: (7.22)
2. 15 LY*L)P, then

t

[ / V(e 1)) dr | g0 < clgll 0,00 (7.23)
0

Proof. To prove (7.22) we consider the analytic family of operators
Tovo =Dy /* DYV (t)vy, with z€C,0< Zez< 1.

When z =iy,

Tiyvo = % V(t)DX_iSW4 Hvo,

where H denotes the Hilbert transform (see (1.18)). Hence, estimate (7.13) implies
[Ty voll =2 < ellvoll2,

where we used that ||D;i57/4HvoH2 = ||vo||2.

On the other hand, setting z = 1 +iy we get
—1/4 —iy5/4
Tirivo =Dy V(0D ™ 4.
Thus estimate (7.18) yields
1 T1viyvollpare < cllvoll2-

Hence from Stein’s analytic interpolation (Theorem 2.7) the estimate (7.22) follows
by choosing z =4/5.

Part (ii) follows a similar argument but more delicate (see Corollary 3.8 in
[KPV4)). O

Lemma 7.5. If vy € L*(R) then

5 < [IDY*voll2. (7.24)

”DxV(I)VOHL%oL,

Proof. The result follows using the Stein interpolation theorem (see Theorem 2.7)
and the estimates (7.13), i.e.,

5/4 i 1/4
1DV DIV (1)vollpz < € [P *vo o,

and (7.18), i.e.,
i 1/4
DIV (1)vol|a e < e 1Y *vol2,
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with @ = 4/5. O

Lemma 7.6 (Leibniz rule ). Let a € (0,1), a;,0p € [0,a] with o0 = o + . Let
D,4,P1,P2,92 € (1,00), q1 € (1,00 be such that

1 1 1 1 1 1
—=—+— and -=—4—.
JZE 2 U %) q9 491 92
Then
1D%(f8)~ D%~ 8D fllyprg < DX fllpjor |DZgl oy (7.25)

Moreover, for a; = 0 the value q; = o is allowed.

Lemma 7.7 (Chain rule). Ler o € (0,1) and p, q, p1, p2, ¢2 € (1,0), g1 € (1,9]
be such that

1 1 1 1 1 1
—=—+— and -=—4—.
V2 2 B ) q9 41 q2
Then
IDEF(F)llpes, < elF g 1DEF g2 (7.26)

For the proof of Lemmas 7.6 and 7.7 we refer to [KPV4] (see also [CrW]).

The extra difficulty in obtaining these estimates comes from the fact that one
needs to control derivatives in the space variable in a norm depending on the ¢ vari-
able first.

7.2 Modified Korteweg—de Vries Equation

In this section we establish the local well-posedness theory for the IVP associated
to the modified KdV equation,

(7.27)

dv+dlv+1? 9w =0,
v(x,0) = vo(x),

x,t € R. The idea of the proof is to use the linear estimates that we have obtained in
the previous section plus a contraction mapping argument. As in the case of the NSL
equation we will employ the integral equation form of (7.27) for the same reason,
i.e., it does not require differentiability of the solution.

Theorem 7.1. Let s > 1/4. Then for any vy € H*(R) there exist T = T(HD}CMVOHZ)
=c ||D)lc/4V0||£4 and a unique strong solution v(t) of the IVP (1.27) such that
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veC([-T,T]: H(R)), (7.28)

T

s s 2 1/2

D00l = swp ([ ID00tenPdr) <, (129

—oolx< “r
1050wl 572 + D3l g110 < o (7.30)

and

VIl zazs < ee. (7.31)

Moreover, there exists a neighborhood V" of vy in H*(R) such that the map v — v(t)
from ¥V into the class defined by (7.28)—(7.31) is smooth.

Proof. We define
2r ={veC([-T.T]: H*(R)) : [[Vlllr <eo}

and
27 ={veC([-T,T]: H*(R)) : |vllr <a},

where

. i—1/4 .
Vil = 1Vllzg 1 + D5 0wl oz + | Dk ol s2 1DVl o + IVilges-

L2p

We shall prove that for appropriate values of @ and 7' the operator
t
¥, () () =) (1) =V (t)vo— / V(t—1")(Vaw) (') dr (7.32)
0

defines a contraction map on 2.

We only consider the case s = 1/4. Since the higher derivatives appear linearly
in the norms (7.28)—(7.30) the argument below will also provide the proof in the
general case s > 1/4.

Using the operator (7.32), group properties, and the Minkowsky and Cauchy—
Schwarz inequalities it follows that

t
1D @Ol < e1DY ol + [ 1DV (0 0) s
0

1/4 1/4
<D volla + e TV2IDY* (02 90) 215

To estimate the last term we make use of the Leibniz rule for fractional derivatives
(7.25) and the chain rule (7.26). Thus
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1/4
1D (2 00) 2.2

< I iz 1D 0uvll gz + 1D 0l 201019571 57 233
< Wl 108 vl + g 123V g0 10Vl o5
<c|vl3-
Hence
D @) (@) 12 < e [0y volla + T v (7.34)

From definition (7.32), Minkowski’s inequality, group properties, the smoothing ef-
fect (7.13), and the Cauchy—Schwarz inequality it follows that

1/4
1D 98 () (1) 12
t
<D von + / 10V OV (DY P ) oz di' (1.39)
0

1/4 1/4
<DV ol +e TV D* (2 9v) 212

The maximal function norm of ¥ can be estimated applying Minkowski’s in-
equality, group properties, (7.18), and the Cauchy—Schwarz inequality:

t
1/4
W (V) ()l a2 <c|py vo||2+/ V)V (') (v )| sz i’
: (7.36)

1/4 1/4
<D *voll2 + T2 |Dy/ (VzaxV)HL%L%'

A similar argument as the previous one but using (7.24) instead of (7.18) yields

t
4
08 0)(0) gz < DY volla+ [ 10V ()Y (~) 07 000) | g 512
x =T T (737)
0
<c|ID volla+ e T2 IDYH (02 9ev)ll 242
Finally, the estimate (7.22) and the above argument gives us
t
1D @Ol < el1DY volla+ [ VOV (DY 07 00) 5,0
* ! (7.38)
0

< | volla+ e T2 IDY* (02 90)ll 212
Hence, the argument used in (7.33) applied in (7.35)—(7.38) gives

IF GOl < elvollijaa+ e TV (7.39)
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Choosing a = 2¢||vo||1 /4,2 and T such that

1
cad®T'? < 5 (7.40)

we obtain that ¥, : 27 — ZF.
A similar argument shows that

1 () =¥ @llz < T2 VIE + W9017) Iy =9l < 2722 [|lv = ).

Then the choice of a and T in (7.40) implies that ¥ is a contraction. Conse-
quently, we have that there exists a unique v € 27 with ¥, (v) = v, i.e.,

W(t) = V(t)vo — / V(=) (o)) dr. (7.41)
5

Using similar arguments as above we also deduce that for 77 € (0,7T)

~ ~ 1/2 ~ ~
1% (v) = F (D)) < v = Folsa+ e TP + 19112 Iy — ).

This shows that for 7} € (0,T) the map ¥ — ¥ on a neighborhood #  of v
depending on 7; to 27 is Lipschitz. We notice that an argument as the one used in
Corollary 5.6 allows one to prove that this map actually is smooth.

Hence the solution v(-) € 27 of the integral equation (7.41) is a strong solution
of the IVP (7.27). In particular v satisfies the equation in (7.27) in the distribution
sense.

Next we extend the uniqueness result to the class Z7. Suppose w € Z7, for small
Ty € (0,T) is a strong solution of the IVP (7.27). The argument used in (7.39) shows
that for some 75 € (0,77), w € EKT‘; Thus (7.40) implies w = v in R x [T, T3]. By
reapplying this argument the result can be extended to the whole interval [—T,T].
This yields the uniqueness result in Z7. O

7.3 Generalized Korteweg—de Vries Equation

The local theory for the IVP (7.1) when k > 4 will be discussed in this section. We
will prove the local theory for the critical case k = 4. For the case k > 4 we will give
the statements of the local well-posedness results without proofs and talk over the
sharpness of these results.

We will first consider the L2-critical case (see (7.8)), i.e.,

(7.42)

v+ v Hviow =0,
v(x,0) = vo(x).
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To show the local well-posedness for (7.42) we will follow a similar approach to
the one used for the mKdV equation.

Theorem 7.2. There exists 8 > 0 such that for any vy € L*(R) with
[voll2 < 8,

there exists a unique strong solution v(-) of the IVP (7.42) satisfying

ve C(R: L*(R))NL*(R: L}(R)), (7.43)
||8xVHL;°Lt2 < oo, (7.44)

and
HV||L§L,10 < oo, (7.45)

Moreover, the map vy — v(t) from {vo € L>(R) : ||vo|l2 < 8} into the class defined
by (7.43)—(7.45) is smooth.

Remark 7.5. Observe that this global L? result is valid for real or complex solutions.
This is due to the homogeneity of the equation (scaling argument) and not to the L?
conserved quantity.

Remark 7.6. Tt is expected that § in the theorem be equal to the size of the solitary
wave solution in the L?>-norm (7.6) with k = 4.

Proof of Theorem 7.2. We now define, for vo € L>(R), ||vo||2 < &,
1
Y(v)(t) =¥, (v)(1) =V (t)vo— / V(-1 ) ow(d)dr. (7.46)
0

We shall show that there is 8 > 0 and a > 0 such that if ||vo||2 < 0 then
Y:Za— Za
is a contraction map, where
Za={w e CR:L*R)):||wl| < a}

and
Wil = 110Vl o2 + IVl o2 + VIl 50

Using (7.46) and (7.15) we have

t
IFE)@)2 < [[voll2 +cll0 / V(e—t)W()dr' 2 < [voll2+e v 1.2
J (7.47)

5

< [vollz+ e IvIs 0 < lIvoll2 + €l
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Similarly (7.22), (7.23) lead to

t
1) ()]0 SCHV()HerCH/V(t7t’)8x(v5)(ﬂ)dz’||L§L1To
0

<c|voll2+e¢ ||V4 axV||L5/4L10/9 (7.48)
x T
4
< cllvolla-+ eyl o
5
<clvoll2+cllvIP-

Finally, we use (7.13) and (7.14) to have

t
”ale(v)(t)HL;"le < C||V0H2"‘CH8X2 '/V(t_t/)("s)(t/)dt/ |L;°1,2
0

. (7.49)
<clvoll2+ellv Il

< c|[voll2+ellvlP-

Using Remark 7.3 it follows that ¥ (v) € C(R : L*(R)). Thus from (7.47)—(7.49)
we obtain that

5
W< cllvoll2 +¢llvil-

Now choosing & such that
1
c(4cd)* < 3 and  a€(2¢8,3c0)

we conclude that ¥ : 2, — 2.
A similar argument leads to

" . . o1 9
1) =L@ < e Ul*+ 1715y = ol < 2ea®flv =71 < Sy =]l

Since the remainder of the proof follows the argument employed in Theorem 7.1
it will be omitted. a

As a corollary of this result we have the local well-posedness for the L>-critical
case.

Theorem 7.3 (Critical case). Let k = 4. Given any v € LZ(R) there exist T =
T (vo) > 0 and a unique strong solution v(-) of the IVP (7.42) satisfying

veC([-T,T] : L*(R)), (7.50)
|‘v‘|L§L1TO < oo, (7.51)

and
||8Xv||L}°L% < oo, (7.52)
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Given T' € (0,T) there exists a neighborhood W of vy in L*(R) such that the
map vy — v(t) from W into the class defined by (7.50)—(7.52) with T' instead of T
is smooth.

Ifvo € H*(R) with s > 0 the previous result extends to the class

veC([-T,T]: H*(R))

and
1Dy avaL;"LZT < e

in the above time interval [—T,T)].

Remark 7.7. The norm we define to prove this result is as follows:
VIl = [lv =V (@)vollzerz + 19Vl =z + IVl 510

which is “similar” to the L’-critical case for the semilinear Schrodinger equation
(see Theorem 5.3). Notice that in Theorem 7.3 the time of existence of the local
solution depends on vy itself and not on its norm.

Next we have the subcritical local existence result.

Theorem 7.4. Let s > 0. Then for any vo € H*(R) there exist T = T (||vol|s2) (with
T(p,s) — e as p — 0) and a unique strong solution u(-) of the IVP (7.42) satisfying

veC([-T,T]: H*(R)), (7.53)
Ml sps0-+H1 D3 vl g0 + DY Vil 530 < oo, (7.54)
and \
10l 503 + DOz + 107 Auv g < oo (7.55)
‘x =T x =T ‘x =T

Given T' € (0,T) there exists a neighborhood ¥ of vy in H*(R) such that the map
Py — ¥(¢) from ¥ into the class defined by (7.53), (7.54), and (7.55) with T' instead
of T is smooth.

Next we consider the IVP (7.1) in the Lz-supercritical case, i.e., k > 4. The results
will be listed without proof.

Theorem 7.5. Let k > 4 and s, = (k —4)/2k. Then there exists & > 0 such that for
any v € H%(R) with
1D voll2 < &,

there exists a unique strong solution v(-) of the IVP (7.1) satisfying
veEC(R : H*(R))NL"(R : H*%(R)), (7.56)
”D)Sck axVHL;’L% < oo, (7.57)
| D V||L§L}0 < oo, (7.58)
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and 1/10—2/5k ~3/10—6/5k

/102 DIy < oo, (7.59)
where

12 . Log L3 4

pe Sk 10 g 10 5k

Moreover, the map vy — v(t) from
¥ ={vo € H*(R) : || D3*vgl]2 < &}
into the class defined by (7.56)—(7.59) is smooth.
Next we have the result corresponding to any data size.

Theorem 7.6. Let k > 4 and sy = (k—4)/2k. Given vo € H*(R) there exist T =
T (vo) > 0 and a unique strong solution v(-) of the IVP (7.1) satisfying

ve C([-T.T] :H*(R)), (7.60)
| Dy axVHL;;L% < oo, (7.61)
1D vllsp10 <o, (7.62)

and
1/10-2/5k Dt3/1076/5k

[[Dx Vil kg <o (7.63)

with py and qy as in (7.59).

Given T' € (0,T), there exists a neighborhood % of vy € H*(R) such that the
map Vo — V() from W into the class defined by (7.59)—(7.63) is smooth.

Ifvo € H*(R) with s > s, the previous results extend to the class

veCR: H'(R))

and
1D} axVHL;';L% < oo
in the above interval [—T,T].
Corollary 7.2. Let k > 4 and s > s = (k—4)/2k. Then for any vy € H*(R) there

exists T =T (||volls2) >0 (T(p;s) — 0as p — 0) and a unique strong solution v(-)
of the IVP (1.1) satisfying in addition to (7.61)—(7.63)

veC([-T,T] : H*(R)), (7.64)
1030213 + D7 Ovl oz <, (7.65)
D3 Vil g0 + 1D} vl 530 < oo, (7.66)

and s s
1D D vy < o0 (7.67)
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with py and qy. as in (7.59).

Given T' € (0,T), there exists a neighborhood W of vo € H%(R) such that the
map vy — V(t) from W into the class defined by (7.61)—(7.67) is smooth.

Ifvoe H s (R) with s' > s the previous results hold with s' instead of s in the same
time interval [—T,T].

To conclude this section we will discuss the sharpness of the results described in
this section.

In [BKPSV] it was proved that if the notion of well-posedness given in Chapter
5 is strengthened, then the IVP (7.1) is ill-posed for k > 4. More precisely, we have
the following.

Theorem 7.7. The IVP (7.1) with k > 4 is ill-posed in H**(R) with s;, = 1/2—2/k
in the sense that the time of existence and the continuous dependence cannot be
expressed in terms of the size of the data in the H**-norm.

Proof. We only consider the case k = 4. We will prove that if we assume 7 =
T(||vo||;2) > 0, then the part in the theorem regarding the continuous dependence of
the solution upon the data fails. The proof below will also establish the second part
of the theorem.

Consider the solitary wave solutions ¢4 in (7.6) and v, 4(x,?) the solution cor-
responding to initial data vo(x) = ¢, 4(x). We compare

||¢c1,4*¢62,4||% and ch'1,4('at)*Vc'2,4('at)H%

for t # 0. We will show that one can choose ¢; and ¢; so that the first expression
tends to 0 while the second one does not. Thus, well-posedness cannot hold for these
data.

Let aﬁ =/ ¢c2j.,4’ Jj = 1,2, and note that

||¢L'1,4 - ¢c2,4||% = ||¢L'1 ,4”% + ||¢cz,4||% - 2<¢c'|,47 ¢02,4>-

Writing ¢4(x) = 3'/# (sech?(2x))!/4, the inner product equals
o'l [ euvemouverdx

If \/cix =y, we get
c1\1/4 7 1 2 .. C1
(g) / (p4(y)(p4(\/gy)dy—>a4 if a—’l-

1@, 4 — @y all3 — 0. (7.68)

Analyzing v, 4(,) —ve, 4(+,2)||3 similarly, we obtain

Thus,
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C 1/4 r c
ai—i—ai—(é) /<P4(y—Ci/2f)<P4(\/C*;y—cg/zt)dy
2, o (Cc\l/# r c1 12
_a4+a4—<g) (p4(z)(P4( gz—c2 (cl—cz)t>dz.

Choose now ¢j/c; — 1, but cé/z(cl —¢y) — oo (for instance, c; =N+ 1,¢; =N,
N € Z"). The rapid decay of @4 shows that the integral approaches 0. Thus,

Sup |[ve, 4(-,1) = ve, a(-,1)||3 — 243 forany T >0 (7.69)
[0.7]
as Cq /Cz — 1.
Finally, (7.8), (7.68), and (7.69) yield the result. O

7.4 Korteweg—de Vries Equation

In this section we will establish the local theory of the IVP associated to the
Korteweg—de Vries equation, that is,

3 _
{atv+8xv+v8xv0, (7.70)

v(x,0) = vo(x),

x,t € R. The method used here is quite different from the one illustrated for the
NLS equation in Chapter 5 and in the previous three sections of this chapter for the
mKdV and gKdV equations.

We start out by defining the function spaces introduced in the context of disper-
sive equations by Bourgain in [Bol]:

Definition 7.1. For s,b € R we define
Xo={fe 7' (R): /(1 +r=ENPA+IENZ|f(&,7)dEdT < oo},
RZ
where ~ denotes the Fourier transform in RZ.

We will solve (a variant) of the integral equation, namely
t
V(1) = 0()V (1)vo+ 0(1) / V(i —1 )Wo' dr, (7.71)
0

where 8 € CJ'(R), 0< 6 <1, 0 =1near 0, supp 6 C [—1,1] with vy € H*(R) and
VEXS)b.
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Remark 7.8. Let JSF(E) = (1+|E[2)2F (&), and Ab £(t) = (1+|7[2)P/2F(z), where
~ denotes the Fourier transform in one variable. Then,

1£lx. = HAbJSV<_t)fHLéL%'

Corollary 7.3. If b > 1/2,
Xsp C C((—o0,00) : H'(R)).

This is an easy consequence of Remark 7.8 and the usual Sobolev embedding

theorem.
Letus set 6, (1) = 0(p~'1), p € (0,1], where 6 is as above.

Lemma 7.8. Forany b > 1/2 and s € R,

185V (1)vollx,, < P22/ |[vgs.2. (7.72)
Proof o
0 V(o =0(p"r) [ [ e 6(z—Emagdr,
so that (8(p~ 1)V ()v0)" (£, 7) = p B(p (¢~ £))o(8). Thus,
I8V (vl
—cp //\ B+ o= E (14 8D [fo(€) P de

—00 —00

=c/<1+\é|>2wvo<é>| (p* [ 18(p(z—EMP(1+[r - 2 ar) dE.

—o0

Using that 5 > 1/2 and p € (0, 1) the inner integral can be estimated as follows:

WP+t —E3Pdr

8\8

<cp? [ 1Blp(r—&)Pdr+cp? /|e (= E)Ple &P de

5‘3\8

<cptep T <ep!'”

This completes the proof of the lemma. O
Lemma 7.9. Forall se Rand 1/2 <b < 1,
16 vllx,, < "2 lx, . (7.73)



7.4 Korteweg—de Vries Equation 157

Proof. (6p(1)v(x,1))" =V (p 6(p-)), so that by definition of the X, p-norm, the
proof reduces to showing that, for a € R,

oo =

[ 1(p8(p )+ AP (1+ [t —a) dv < cpl ) [ R0 (1-+ |z~ al)*dx.

Since

/ P 6(p7)|dT < o,

it follows that

We turn to

= oo

[ 160800 1) 9P e —adz = [ Dh(e vir)o(p~0) .

—oo —o0

The Leibniz rule (7.25) shows
1D (e v0(p~"-)) —e“vDyB(p~" )2 < e |D} (V)] 26]Izs-

Note that ||6|z~ < ¢, and
[RACIE /°° 7(7) Pl —a* dt.
Thus, we only have to bound the term
/Oo le“vDbo(p~ 1) dr.
But the Sobolev embedding theorem and the fact that b > 1/2 lead to
( 7 v Dle(p~") P dr

o oo

<c( [levPar+ [ Dpe)Par)iptete "I,

—oo

<c( [ F@Par+ [ je-aPiePas) 0o

—o0
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By Plancherel’s identity (1.11) and since b > 1/2 we have

=)

D0 IR, = [ 1e0% 1B(pe) e < cp o],

—oo

The proof of the lemma then follows. O
t
Lemma 7.10. Ler w(x,t) = [V(t —t)h(t')dt’ . If 1/2 <b <1, then
0
16p wllx,,, < cp!' 2P/ hllx, , - (7.74)
Proof. We write
t
6 (1) / V(i —{)h(') di’
0
it ité3
— 8,(1) // ot %h(é,r)d&dr
(7.75)

L eltT _ itE? R
= 6,(1) // e”‘éﬁe(r—?)h(é,r)dédr

L T itE? R
+6,(1) // 6T (1 0)(1— ENR(E,T)dEdT

A Taylor expansion gives us

=)

- i ﬁtkep(t) /e"x5 e"”53(/ﬁ(é,r)(r—53)"*19(1—53)611) dé. (7.76)

—oo

Let #65(1) = p*(1/p)* 6(p 1) = 91(s). Then.
p? [ 1@(po) (1+|e) dv

<ep?( [1@tprar+ [ 15 @ulpo)ar)
< o1 (el + 1s ) < ep ') (14

Thus, by the proof of (7.72) and (7.76)

+k 12bH/h§rr§)k16(T§)d’c)

5,2

1llx,, <
k=1
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But

([izone-eroega) |

</ (1+§|)2“'(/w|13(5,f)(f—53)k‘6(1—53)Idr)2d5

< fasigr( [ o) a

oo —&3|<1

[ o [ &) 1 2
< Joner ([ gy g )
<clnl},

since b > 1/2.
Next we estimate II in (7.75). We rewrite it as I = I} + II,, where

=

I = —6y(t / (e +187) /M (é,f)dr)dé

T-&3

IIziGp // lxé_HT T)(ggé) (é,T)dédT

Using Lemma 7.8, the Cauchy—Schwarz inequality, and b > 1/2 we deduce

R ()

5,2

—oo

oo

<ot 2] (141>

—oo0

([ i) "
l=-&3[<1/2

oo

<ep202[ [ (1418

h(E, )| ! 12
() areay ) 4
lT-&31<1/2

< cpUI=)2 ¢

s,b—1"
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Finally, by (7.73) and the definition of X, ;_1,

el x§+t7 6)(7_53) //’;(é,f)d‘gd’c

Il < ep® 22| |

8\8

T— 53 s,b
<cp" 2 jnx,, -
This completes the proof of the lemma. O
Lemma 7.11.
t
16 (¢) / V(e —1)h(t')dr ||so < cp P2 lh|lx,, - (7.77)
0

Proof. A similar argument as the one used to show Lemma 7.10 yields (7.77). Thus
we will omit it. O

Lemma 7.12. Ler s € R, b',b € (1/2,7/8) with b < b' and p € (0,1); then for v €
X p_1 we have

160 vllx,, < ep® D (7.78)
Proof. To prove (7.78) we will use duality and will prove the estimate
18pvllx_, , <cp®DB=B )y . (7.79)

This result will follow by interpolation. To do so we need to establish the next
inequalities

1/8
16pvilx_,o <cp / IVIx_, s

(7.80)

and
10pvllx_y,p S clVlix iy (7.81)

Combining Remark 7.8, the Holder inequality and the Sobolev inequality (The-
orem 3.3) we have

16pvlx_oo = 10V} (8P~ W)l 22 = IV ()8R~ TVl 1212
=10~ WV (NI Iz < cp B V()T

2183

8 _
§Cpl/ \V(t)J VHL)%H,I/SZCP/ HVH)LA-J/S

< CP1/8 ||V||Xﬂ$17b’
where we use that 1 —b > 1/8. This shows (7.80).

On the other hand, to prove (7.81) we will use a similaAr argument to the one
applied in the proof of Lemma 7.10. Since (6, (1) v(x,1))" = 6, *, v, by the definition
of the X 5-space the proof reduces to showing that, for a € R,
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oo

/|§p *,ﬂ2(1+|r—a\)2("b)dr§c/|ﬂ2(1+|r—a|)2("b)dr. (7.82)

—o0 —o0

Since ||p §(p )1 < o we have that

/|§p*,ﬂ2drgc/ 912 dx.

—oo

Next we estimate
[ 1847 e —aP1 P az = [ DI 8(p~ )Pt

Using the Leibniz rule (7.25) we have that
Dl—b iat 0,) — iat Dl—be < Dl—b iat 0 7.83
1D~ (ev8p ) —e“'vDy ™0 | 2 < ¢ |[D; 7 (V)| 20 ;- (7.83)

The first term on the right hand side of (7.83) can be estimated as follows. We first
notice that || ||z~ < oo. Thus Plancherel identity (1.11) gives us

. n 12
1D{ (e )l 2 = (/ |‘7(T)|2|T—a\2(17b)df) : (7.84)

—o0

To bound ||e®vD} 26, | 12» we use the Holder inequality to obtain
jat | 1yl—b ' 1-b
le“"vD; " 0p 1 2 < [le“vi] 20| D~ pll 24

with 1/p+ 1/q = 1. Then we choose p such that 1/2 —1/2p = 1 — b. Using the
Sobolev inequality (Theorem 3.3) we have

oo

e V]l 20 < Nl Vil yis = / (14|t —a)*" P [(7) > d. (7.85)

—o0

2q
Since the inverse Fourier transform is bounded from 27 (R) into L?¢(R) we

have

2g—1

2

r ~ 2q_
‘|D}7b9p||L124 < (/ ||T\17bp 0(pt)|2aT d‘C)
I (7.86)

oo

=N 5 2g—1
= ([ 1rre@) T ar) T <o

—oo0
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Combining (7.85) and (7.86) we have

||emeDzl_b6p||Lt2 <c / (1—|—\T—a|)2<l_b)\\7(f)\2df. (7.87)

—o0

Thus (7.84) and (7.87) yield (7.82).
The estimates (7.80) and (7.81) and interpolation yield the inequality (7.79). Thus
the lemma follows. O

The next estimate is the key argument to obtain the local result for the IVP (7.70).
Notice that when we estimate the X; ,-norm of the integral part in Lemma 7.10 we
end up in the space X, ;_1, we have lost “one derivative,” so to apply a contraction
mapping argument we need to have an estimate that takes the nonlinear part back to
the space X; .

Lemma 7.13.

1. Ifv € Xy p, s > —3 /4, there exists b > 1/2 such that voyv € X ;1 and
10:02)1x,,  <elvllk,,-

2. Given s < —3/4 the estimate above fails for any b.

We restate Lemma 7.13 in an equivalent form:

For v € Xy, let £(£,7) =0(§,7)(1+]&])* (1 +|t— &), so that [[v]x,, = [ f]2-
In terms of f we can express vd,v in the following way:

(&R =& [ [ rEm)rE-&e—n)

—00 —o0

o d&idm
(I 1&N) A+ [r=E DA+ 1E= &) (A +](t—T)— (E-&)3))"

Thus, if we let

1 N
BU ) = el

(7.88)
< [K(E.&rm) @ m) S E — b - ) dEdn,
R2

where

(&) A+[E =&
I+ |n =P+t —m) = (E—&)3)P

K(§7§17Tafl):
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Lemma 7.13 is equivalent to proving the next result for the bilinear operator B(-, -)

defined in (7.88).
Lemma 7.14.

1.If s> —3/4, then
IB(f. f,s.b)ll2 < cllf]3-

2. If s < —3/4, the above estimate fails for each b.

(7.89)

We will prove (7.89) in detail for s = 0. For this purpose we will need some lemmas.

The first one is regarding some elementary inequalities.

Lemma 7.15. [f b > 1/2, there exists ¢ > 0 such that

7 dx c
é (14 |x—a)2P (14 |x = B[)% = (14| —B)*’

7 dx - c
J P Va—a = (a7

Lemma 7.16. Let

0 T

— 0o —

If1/2 < b <3/4, then
IG(E.7)| <c.

(77 d};ldﬁ )1/2
[ (4= A+ t—a—(E-&)3)*/

(7.90)

(7.91)

(7.92)

Proof. Letusset @ =& and B =7 — (& —&;)? in (7.92). Then by (7.90) we have

/°°/°° déidr
S A n =P+ e -1 - (E - &)

dé
Sé (+e-C-&) &%

Next we use the change of variable

—(E-&) &l =t-&+386(E &), du=3E(§-28)d¢,

and

I cE
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Thus

|E(E—2&)| ~ V€] VAT —E3—4u

and

. dy
N RV

Substituting this on the right hand side of the previous inequality and using (7.91)
we obtain

=

1 du 1 c
SR T e e (e

Hence, using the hypotheses we conclude that

9 1 ¢
G(S,7)| <
&I e =gy [ (14 jae— g
c|g¥*
<ec.
T (1]t =83 (1 4 4T - &34 T
Thus the lemma follows. O

Proof of Lemma 7.14. We will prove 1. in the case s = 0. Definition (7.88), the
Cauchy-Schwarz inequality, Lemma 7.16, Fubinni’s theorem, and Young’s inequal-
ity yield

I [4
1+|c— &b

[ fELT)fE &L T T)dEdT
xél 1+|rl—§1 (1+|(1—Tl)_(§_6)DbHL%Lé

5
=l

(/0_0]0 dé]dl’l )1/2H
A R e A e (e A

([ [ 1@ - g aPdgan)

—00 —0o0

< C”fHLZLZ

”B(f?fvovb)“L%L% =

This proves the lemma. O
As a corollary we have the next result.

Corollary 7.4. For s > —3/4and b € (1/2,3/4] and b’ € (1/2,b] we have that
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B, Nl < ellfI%,, - (7.93)

Now we are in position to prove the local well-posedness result for the IVP
(7.70). More precisely, we have the following.

Theorem 7.8. Let s € (—3/4,0]. Then there exists b € (1/2,1) such that for any
vo € H*(R) there exist T = T (||vol|s2) with (T(p) — o as p — 0) and a unique
solution v(t) of the IVP (7.70) in the time interval [—T,T| satisfying

veC([-T,T] : H(R)), (7.94)
vEXp CLE(R:LF(R)) for 1< p<eo, (7.95)
0c(v?) € X1 (7.96)
and
8,1} S Xs73,b71 . (7.97)

Moreover, for any T' € (0,T) there exist R = R(T") > 0 such that the map vy —
(1) from {vy € H*(R) : ||vo — Vo|ls2 < R} into the class defined by (7.94)—(7.97)
with T' instead of T is smooth.

In addition, if vy € HY (R) with s’ > s, the previous results hold with s’ instead of
s in the same time interval [—T,T].

Proof. We define
Za={veXy 1 |vx,, <a}. (7.98)

For vy € H*(R), s > —3/4, we define the operator

W, (v) = ¥ () = 01 ()V (1) —

20) O/V(l‘—t/)9p(t/)&X(V2(t/))dt/' (7.99)

We will prove that ¥(-) defines a contraction on 2.
Let B = (b—b")/8(1 —b'). By using (7.72), (7.73), (7.74), and (7.89) in Lemma
7.13 we deduce that

P 0)x,, < cllvo

s2+¢l|8p (1) (1)) 1x, -,

< clwolls2 +ep? 00 (0))llx, .,

(7.100)
<clvollsa+cpP VI,

< cllvolls2 +cpP a?.

Setting a = 2c¢||vo||gs and p such that

1
cpﬁa<5

we have
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IFO)lx,, <a-

A similar argument shows that for v, v € .2,

120) - %), = 5 016 /Vt—% 0 (1)l =) (),

< cpP v+, Iv—7llx,,
S 2(')1)[3 a ||v7 ";”X_&,b

1 .
< 3 Iv=7llx,.

Therefore ¥(+) is a contraction from 2 into itself and we obtain a unique fixed
point that solves the equation for 7 < p, i.e.,

(t—1")6,(1") A (V* (1)) dt . (7.101)

The additional regularity
veC([0,T]: H(R))

is proved as follows:
Using the integral equation (7.101), Lemma 7.11, and Lemma 7.12, for 0 <7 <
t <1andr—7< At it follows that

V(@) =v(D)ls2 < V(2 =D)w(7) = v(D)]s.2

+c\|/Vt—t 0 (" A_tf)ax(vz(z’))

<IV=v® - vDlla+elo ()il , 7102

(b-b) b’)
< |Vt =D)v(F) = v(D) |52 + ¢ (A1) 30D [[ v ||X L

< V(= Pvld) (D)2 + (AT W] = o(1)

as At — 0. This yields the persistence property. g

7.5 Comments

The well-posedness of the k-gKdV equation has been studied extensively for many
years. Improving results in [BS], [BSc], [ST] it was shown in [K5] that the IVP
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(7.10) is locally well-posed in H*(R), s > 3/2. However, as Kato remarked in [K2],
“In fact, local well-posedness has almost nothing to do with the special structure
of the KdV equation”. In other words, the local result in H*(R), s > 3/2, does not
distinguish the powers k and works for any skew-symmetric operator (instead of
d3) or omitting it (hyperbolic case).

For the study of the stability of solitary wave solutions of the k-gKdV equation
it was important to have local well-posedness in Sobolev spaces H*(R) with s < 1.

For the KdV equation the L? local well-posedness was established by Bourgain
[Bol]. The proof given here was taken from [KPV6], where local well-posedness
was obtained for data in H*(R), s > —3/4 (Lemmas 7.14-7.15 were proved in
[KPV6] and by Nakanishi, Takaoka, and Tsutsumi [NTT] in the case s = —3/4).

Extensions of the bilinear estimates (Lemma 7.14 (i)) were first obtained by
Colliander, Staffilani, and Takaoka [CST], motivated by the study of global well-
posedness below the L>-norm for the KdV equation. A further extension was given
by Tao [To3].

In the limiting case s = —3/4 existence of solutions has been obtained by Christ,
Colliander, and Tao [CrCT1]. They first gave a different proof of the H 1/4 result
for the mKdV equation in the X;;, spaces and then used the Miura transformation
(7.2) (the function spaces in their proof are given implicitly and depend on this
transformation).

It is interesting to compare this local well-posedness result for the KdV with
those for the viscous Burgers’ equation,

02
{8,u = 92u + udyu, (7.103)

u(x,0) = up(x) € H*(R).

In [Dx] Dix showed that (7.103) is locally well-posed in H*(R), s > —1/2 (scal-
ing s = —1/2) and uniqueness fails for s < —1/2 (a construction based in the Cole—
Hopf transformation). Therefore from the local well-posedness point of view the
KdV equation is better than the (parabolic) Burgers’ equation.

The proof of the local well-posedness result for the mKdV was taken from
[KPV4]. The estimate (7.13) is the sharp version of the Kato smoothing effect. It
was already commented on at the end of Chapter 4 (see (4.44)—(4.57)) which was
used to obtain weak L? solutions for the KdV equation.

The estimate (7.18) regarding the continuity of the maximal function associated
to the group V (¢), i.e., sup |V(f)vo|, is due to Kenig and Ruiz [KR] and was ob-

1€[0,7
tained in their study of th([f pioblem mentioned in Chapter 4 (see (4.47)).

It was shown in [KPV5] that the result s > 1/4 is optimal, i.e., the map data solu-
tion vo — v(¢) cannot be uniformly continuous in H*(R) for s < 1/4. The proof
of this assertion follows a close argument to the one provided in Chapter 5 for
the cubic (focusing) NLS equation in one dimension. There it was constructed a
two-parameter family of solutions for the cubic (focusing) NLS by combining the
Galilean and the scaling invariance of the solutions. However the mKdV equation is
not Galilean invariant. So to overcome this, one first considers the complex version
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of the mKdV equation, namely,
ow+ 2w+ |w|*dw =0 (7.104)

(see [GO], [KSC]), which has a set of solutions that is Galilean invariant. In fact,
we have the two-parameter family

Wr.o(x,1) = V/3 e NN N o (1@ +3tN?), (7.105)

where @ solves (5.8) (i.e., =@ + @" + @3 = 0 50 @(x) = v/2sech(x)); and @ (x) =
®@(ox) (notice that v/3 Qg (x —t®?) solves (7.104)). With the two-parameter fam-
ily we follow an argument similar to the one employed in Theorem 5.12 to obtain
the result for the equation in (7.104). To pass to the mKdV equation one uses a
special solution called a “breather,” see [Wa],

VN0 (x,1) = —2v6 wsech(wx + yr)
(cos(Nx +6t) — (w/N) sin(Nx + 61) tanh(cx + yt) > (7.106)
1+ (®/N)?sin®(Nx + 8t)sech(wx + ¥t)

with § = N(N? —3w?) and ¥ = @(3N? — ®?) and observe that for /N < 1,

VN0 (x,1) = —2v6 cos(Nx+N(N* —30?)t)
2

x @ sech(wx + 0 (3N* — o)1),

which is basically a multiple of the real part of (7.105).

As it was remarked above, Bourgain introduced the spaces X, in the context
of dispersive equations. Previously they were used by Rauch and Reed [RuR] and
Beals [Bs] in their respective studies of propagation of singularities for solutions of
semilinear classical wave equation.

Results concerning the smoothing effects of solutions of (7.10) due to special
decay of the data were first given by Cohen [Co1] and Cohen and Kappeler [CoK]
for the KAV equation for step data using the inverse scattering theory. In [K2] Kato
showed that if vy € Y* = H**(R) N L?(|x[*dx), k € Z, then the local solution de-
scribes a continuous curve on Y* as far as it exists. In particular, the solution flow
preserves the Schwartz class .’(R). Roughly, this is due to the fact that the opera-
tors L= 0, + 92 and I" = x+ 3t d? commute.

Also in [K2] Kato proved the following for the KdV equation: if e * v € L2(R)N
H?(R) then as far as the local solution v(f) exists for any r > 0, eP*v(-,1) € L*(R)
and v(-,1) is C* for 7 > 0. Formally, one has that the semigroup {V (¢) = e 1% p >

0} in L2(eP*dx) is equivalent to {e_’(a*‘_ﬁ)3 :t>0}in L2(R), i.e., if
du+d2u=0,

then v(x,1) = eP*u(x,1) satisfies
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v+ (0 —B)v=0av+dv—3Bdv+3B%v—B3v=0,

which explain this “parabolic effect.” In [KF] Kruskov and Faminskii showed an-
other version of this result by considering weights of the form x% = x* ¥(¢ ) (x).

Tarama [Ta2] showed that solutions of the KdV equation with real-valued initial
data vo(x) € L>(R) satisfying the condition

oo

/ S vo (x)[2dx < oo

—o0

with some positive constant §, become analytic with respect to the variable x for
all # > 0. The proof of this theorem is based on the inverse scattering method (see
Section 9.6), which transforms the KdV equation into a linear dispersive equation
for which the analyticity smoothing effect can be established through the analytic
properties of the fundamental solutions. However, for higher powers a similar result
is unknown even for the integrable case k = 2, i.e., for the modified KdV.

In [GT] Ginibre and Tsutsumi proved for the mKdV that if vo € L*(R) and
xlr/ § vo € L*(R) then the uniqueness holds (observe that decay corresponds to 1/4
derivatives via the operator I" above which is the sharp local well-posedness).

The local well-posedness result for the case k = 3 for data in H*(R), s > —1/6,
was obtained by Griinrock [Gr2]. The key tool to prove that result was the following
bilinear estimate for solutions of the linear problem. More precisely,

1DV f V(2213 < eIl

Tao [To6] extended Griinrock’s result to the critical case by showing local well-
posedness for data in H~1/6 (R). From this result follows readily the global one for
small data due to the criticality of the space. Thus the case k = 3 exhibits similar
properties to the case k > 4; see Theorems 7.2 and 7.3 and the Remarks 7.15 and
7.16.

The results for kK > 4 were taken from [KPV4] (Theorems 7.2—7.6). Their sharp-
ness was established in [BKPSV] (Theorem 7.7).

Next we consider the local well-posedness for the periodic boundary value prob-
lem associated to the k-gKdV.

For the case k = 1, the KdV equation, local well-posedness was proven in H*(T),
s > —1/2 by Kenig, Ponce, and Vega [KPV6] (improving an earlier result of Bour-
gain [Bol] for s > 0). The proofs are based on the modified version of the X,
spaces, i.e., the spaces Y j,, which are the completion under the norm

7 N 12
Fls = (X [ (17— m? ) | Fom, )P dc) (7.107)
m#0_"

of the space % defined as the function space of all f such that
1 f:TxR—-C,
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(i) f(x,-) € foreachxeT,
(ii)) x— f(x,)is C=,
(iv)  f(0,7) =0 forall 7 € R.

Bourgain [Bo8] also showed that below —1/2 (for s < —1/2) the smoothness
of the map data solution fails. We recall that the smoothness of this map is a by-
product of the contraction principle. So this type of result in particular shows that
the iteration process by itself will not provide a result in H*(T), s < —1/2.

For the mKdV equation (k = 2), local well-posedness was established in [KPV6]
in H*(T), s > 1/2. This was proven to be sharp in [CrCT1]. By requiring the de-
pendence of solutions on the initial data be just continuous and considering real so-
lutions, Takaoka and Tsutsumi [TTs] were able to lower the Sobolev index s > 1/2
to s > 3/8. One the main new ideas in their approach was the modification of the
Bourgain norm (7.107) by

N R . 1/2
1Flzes = (X [ (1+le = = mlig(m) P2 | Flom, m)Pde)
m#0_"

where 1 is the considered initial data. Notice that the definition of the norm || - ||z, ,
depends on the initial data.

For k > 3 the best local well-posedness result is in H*(T), s > 1/2 (see
[CKSTT4)).

7.6 Exercises

7.1. Consider the IVP associated to the KdV equation (7.70).

(i)  Prove that v(x,7) = %ﬂ is solution of (7.70) with v(x,0)= x for any time
t>0.

(ii)  Prove that v(x,7) = 1;—xt solves (7.70) with v(x,0) = —x, but it blows up in
finite time.

(iii)  Prove that parts (i) and (ii) also hold for the Burgers’ equation (7.103) and
the Benjamin—Ono equation (9.8).

0 (c - 4c
G 4cr(x—6c%t)2+ 1
modified Korteweg—de Vries equation (7.27).

7.2. (Zabusky [Za]) Show that v(x,t) ) solves the

7.3. (Critical KdV) Show that if uy € H—3/2(R)N.%(R), then the solution of the
KdV equation (7.70) u(-,1) ¢ H—3/*(R) for all t # 0.

7.4. Using a formal scaling argument obtain the estimate of the life span of the
local solutions as a function of the size of the initial data given in Theorem 7.1, i.e.,

1/4 —4
(DY *voll2) = c|ID4vo 5.
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7.5. (Two-soliton solution of the KdV) Given the solution of the KAV

3+4cosh(2(x—4t)) +cosh(4(x— 16t))

v(x,t) =72 [3cosh(x — 28¢) 4 cosh(3(x — 12¢))]2

show that for & = x — 161 fixed

log3
)

v(x,t) ~ 48sech? (2&; F 5 as t — +oo;
show that for & = x — 4t fixed
log3
v(x,7) ~ 12sech? (2& + °g —) as 1 — oo,

Conclude that

log3 log3
v(x,1) ~ 48sech? (2& F O§ )+ 12sech?(2&, & O§ ) as t — *oo.

7.6 ([KPV6]).

(i)  Assuming that the following inequality holds for s € (—3/4,—1/2) and b =
b(s) € (1/2,1)

‘//// &1 (&, 7) (141&)7° f(&1,71)
(A+lr=ENILA+IED  (1+|m—E&)P
(1+[E &) g(E &, t—71) (7.108)
Qrf—n—@E gy dndadeds

<c ||h||L§L72: ||f||L§L% Hg”L%L%’

prove Corollary 7.4 with b’ = b. Sketch the local well-posedness result for
the IVP associated to the KdV equation (7.70) in H*(R), s € (—3/4,—1/2).
(ii)  Prove that if either || < T or |€ —&| <1, then

(I+]G) A+ =& <e(I+18)7",

so the proof of (7.108) in this domain reduces to the estimate (7.92).
(iii)  Show by symmetry that to prove (7.108) it suffices to consider

[T—1— (=&)<t =&}

(iv)  Combine (ii) and (iii) to show that in order to obtain Corollary 7.4 with b’ = b
it suffices to establish the following inequalities:
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€]
SR —EN P a+E)

|E1(E =& 1/2
<4/<1+|fl€fl>2b<l+lfrl<551>3>2h‘”1"51) <¢
(7.109)

withA =A(&,7) as
A= {(51,’61) GRzi
Gl E=&I=1 t-—n— (=&)< |n & <[t &}
and

1
sup ————
g (L [m = &)

EPTHNEE(E — &)= (1 +[&])* 1/2
// (1+[t— 2B (1+|r—1 — (E—§&) |)2bd1d5> <c

(7.110)

with B=B(&,7) as
B_{(él,n>eR2: Gl IE-EI> 1, |r—n—<5—€1>3|s|n—5f,}
[t—&% <|m—¢&f). .

(v)  Following the argument given in Lemma 7.16 prove the inequality (7.109)
(for the proof of (7.110) we refer the reader to [KPV6]).



Chapter 8

Asymptotic Behavior of Solutions for the
k-gKdV Equations

This chapter is concerned with the long time behavior of solutions to the IVP asso-
ciated to the k-gKdV equations,

3 koo
{8,v—|—8xv+v dwv =0, @®.1)

v(x,0) = vo(x),

xtER keZ™ .
We shall restrict ourselves to consider only real solutions of (8.1). In these cases
the following quantities are preserved by the solution flow

I = / v(x,1)dx, (8.2)
12:/v2(x,t)dx, (8.3)

— T, — r 2 2 k-+2
E(w) =5 —/ ((3x ) 7(k+1)(k+2)v )(x,t)dx. (8.4)

—o0

Combining them with the local existence theory in Chapter 7 we shall see that
for k = 1,3 the IVP (8.1) with vy € L?(RR) has a unique globally bounded solution.
For the case k = 2 the same holds in H'(R).

In fact, we shall see in Section 8.1 that a quite strong set of results has been
established in the case k = 1,2, 3.

In Section 8.2 we treat the L2 -critical case k = 4. A major set of results due to
Martel and Merle will be discussed. In particular, they have settled a long standing
open problem by proving the finite time blow up of some local H'-solutions.

Similar results for k£ > 5 remain as open problems.

In Section 8.3 we add some further comments.

F. Linares, G. Ponce, Introduction to Nonlinear Dispersive Equations, 173
DOI 10.1007/978-0-387-84899-0_8,
© Springer Science+Business Media LLC 2009
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8.1 Casesk=1,2,3

We observe that if v(¢) is a local real H' -solution of (8.1), combining Gagliardo—
Nirenberg (3.13) and (8.3)—(8.4) gives

E(v) = / {(8)61/)2 — m V2| (x, 1) dx
> [[9ev(1)]|5— m” vl (8.5)

> (18w (1) |3 = x| dev(e) 1 [v(e) 3

k/2) (12+4k/2
> (|3 (0)]13 = x ()15 o122,
Hence, using the notation 11 = 1(¢) = ||dyv(¢)]]2 it follows that
2+4k/2
E(vo) = 1 = exllvoll ;2 0 (8.6)
So for k < 4 one obtains the a priori estimate

3k). (8.7

n(r) < M(

In this sense and by the scaling for the L%-norm (see (7.8)) the case k = 4 is
critical.

Thus for k = 2, (8.7) allows us to reapply the local existence theory (local well-
posedness in H*(R), s > 1/4) for data vy € H'(R).

Theorem 8.1. For vy € H'(R) real the corresponding local solution of the IVP (8.1)
with k =2 given by Theorem 7.1 extends in the same class to any time interval with
veC(R: HY(R))NL*(R: H'(R)). (8.8)

Moreover, if vg € H*(R), s > 1, then
veCR: H'(R)). (8.9)

In the cases k = 1,3 the local well-posedness was established in H*(R) for
s> —3/4 and s > —1/6, respectively (see Theorem 7.8 and [Gr2]). These cases
are subcritical so the interval of existence in each case [0,T] satisfies that T =
T (|luo||s,2) > 0. Therefore if vy € L*(R) by I (see (8.3)) we can reapply this lo-
cal theory to obtain the following global result.

Theorem 8.2. For vy € L? (R) real the corresponding local solution of the IVP (8.1)
with k =1 or 3 extends in the same class to any time interval with

veC(R: L2(R))NL(R: L*(R)). (8.10)

Moreover; if vo € H*(R), s > 0, then
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veCR: H'(R)). (8.11)

In the cases k = 1,2 due to the form of the infinite conservation laws one can
replace (8.9) and (8.11) by ve C(R: H*(R))NL*(R: H*(R)) with s = j € Z™.

These local and global results present the following questions:

Question 1. What happen with the longtime behavior of the solution corresponding
to data vo € H*(R) with s € [-3/4,0), [1/4,1), and (—1/6,0) in the cases k = 1,2,
and 3, respectively?

The first result in this direction was given by Bourgain [Bo5] in his study of
the critical two-dimensional NLS equation. He set up a general argument to obtain
global solutions corresponding to data whose regularity is below that required if one
is to use the conservation law.

To illustrate his approach we take the mKdV equation, k = 2 in (8.1), with vy €
H*(R), s € [1/4,1) (see [FLP2]).

First, one splits the data according to the frequency (low-high). For N large to be
determined one considers

vy = (X{KISN} \70)\/ + (X{|§\>N} \70)\/ =Vv0+Vv20- (8.12)

Thus vy o € H*(R), with ||[vi o|[12 < cN'" and |[vo0 ;2 < NS forr € [1/4,5).
One solves the mKdV with data vi ¢ as in Theorem 7.1 so the corresponding
solution v; (7) satisfies

()12 < N5, t€[0,AT], AT ~ Dy *vi0l5*, (8.13)

and v, (¢) satisfies the error equation (using that v =v; +v;)
Ova+ 93 vy +v v —vidw =0, 1 €[0,AT], (8.14)
with data v, (small) in H"(R) for r € [0,s). The interval [0,AT] is given by the

local well-posedness. Using that

vat) = V()vao + / V(e =) [(v1 +v2)2 (w1 +v2) —v2dent ] () e
0

=V(t)va0+2(),

one observes that z(f) is smoother that V(¢)v2 (see Exercise 8.1 and comments
there). Indeed, it belongs to H'(R) with a “good” estimate for its norm. Define

v10(AT) = v1 (AT) +2(AT),
v20(AT) =V (AT)v2p

and repeat the argument in [AT, 2AT].
Briefly, to reach the time T* we apply it 7*/AT times. If one proves that
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T*/AT

Y [lz(AT) |12 <eN', (8.15)

j=1
then all the previous estimates will be uniform and one can extend the solution to
[0,T*]. Tt is in (8.15) where the restriction on s appears.

By introducing the I-method (see [KT2]) in this context Colliander, Keel, Staffi-

lani, Takaoka, and Tao [CKSTT4], [CKSTTS5], [CKSTT6] have improved most of
the result obtained by the above argument. By defining

1f(x) = Ivsf () = (m(§) )", (8.16)
where m(&) is a smooth and monotone function given by
1, El<N,
= (8.17)
(%) {NW, €] > 2N,

with N to be determined and s < 0, they obtain a series of “almost conserved quan-
tities.”

By using the “cancelation” in the multilinear form working directly with the
equation, in this case the KdV, they show that

S[up] 11v(8)]]2 < [11v(0)[l2 + NP [11v(0) |3 (8.18)
tef0,T

for some small B > 0. So if N is large the increment in ||/v()||2 is controlled. In
particular for the IVP (8.1) they have shown the following.

Theorem 8.3 (|[CKSTTS5)).

1. The local real solutions of the IVP (8.1) with k = 1 corresponding to data vy €
H*(R), s > —3/4, extend to any time interval [0, T"].

2. The local real solutions of the IVP (8.1) with k = 2 corresponding to data vy €
H*(R), s > 1/4, extend to any time interval [0,T*].

For the sake of completeness we will explain how the first step of this method
works for the IVP associated to the KdV equation (8.1) (k = 1).

The material described below was essentially taken from the lecture notes given
by Staffilani at IMPC (see [Sta3]).

One first notices that the operator defined in (8.16) is the identity operator on low
frequencies {& : || < N} and simply an integral operator in high frequencies. In
general, it commutes with differential operators and maps H*(R) to L*(R).

As we mentioned before the goal is to establish an estimate as the one in (8.18).
To do so we first use the fundamental theorem of calculus, the equation and integra-
tion by parts to get
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1
d
1)1 = l1v(0) -+ / o (tu(s) Tu(s))ds

— v(0)[3+2 / (G 6)16)) s

i (8.19)
- HIV(O)H2+2/ (I(=Vewe — vve, Iv(s)) ds
t
— 11v(0 H%+2/ —wv) Iv(s)) ds
0
= |Iv(0) |3 +R(z),
where .
1) = / / O(—Iv?) Ivdxds (8.20)
0 R
iS an error term. Hence
[1v(t)5 = [[Ivoll5 +R(2). (8.21)

We shall show then that locally in time R(z) is small. This can be achieved using
local well-posedness estimates. Since one introduces the operator [ in this analysis
a well-posedness result involving it has to be proved. A similar argument as the
one given in the proof of Theorem 7.8 and the bilinear estimates (7.89) obtained by
Kenig, Ponce, and Vega [KPV6] provide us the local well-posedness result. More
precisely:

Theorem 8.4. For any vo € H*(R), s > —3/4, the IVP (8.1), k = 1, is locally well-
posed in the Banach space I ''L?> = {¢ € H*(R)} furnished with the norm ||19||,2,
with time existence satisfying

T Z (| Ivoll2)~%, a>0. (8.22)
Moreover,
10(-/T)Vvlx,,, < Clivoll2, (8.23)
where 0 was defined in (7.71).

The proof of this theorem follows by using the same procedure to establish The-
orem 7.8 once one has the bilinear estimate

Jactw)ly, ., <cliul, , 1]y, (8.24)

To prove the bilinear estimate (8.24) one applies the usual bilinear estimate (7.89)
due to Kenig, Ponce, and Vega [KPV6] combined with the following extra smooth-
ing bilinear estimate whose proof is given in [CKSTT5].
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Proposition 8.1. The bilinear estimate
_3
1o (Futv—=1(uv)}x, |, <N lHullx , [Dvllx, (8.25)
2 —5+ 0,—5+

holds.

Proof. Justto give a flavor of the proof we will consider the case when u is localized
in a very small frequency (|&| < 1) and v localized in a very large one (|| > N).
One notices that in this situation

U@ —Ta) @l = [ (&)~ m(E)@E)] P&
&=6+&

Since m is smooth, the mean value theorem yields

-

|(I(uv) —Tulv)(§)| < / [ (&) |[@(&1)[ V(&)
E=&1+&

where |&| ~ |&| > N. Moreover, it is easy to check that m' (&) ~ N~'m(&,). Thus

10 (1(uv) = Tulv) ||x, _, ,, < N0 (I I(v)) |Ix,_, e (8.26)

In this point one uses the bilinear estimate (8.24) to get (8.25). For the estimates
involving intermediate size frequencies the best gain that one can obtain is N3/,
O

Next we will obtain the so-called almost conserved quantity from (8.21). Note
that the cancellation property
t
0 —

holds. In what follows this identity will play an important role.
Using (8.27) one can write R(¢) as

O(Iu)* Tudxdt = 0 (8.27)

b—

t o
= // o {(Iv)* —I1(v*) }Ivdxds. (8.28)
0 —o

The Plancherel identity and the Cauchy—Schwarz inequality yield
R(1)] < c[|o:{(1v)? —I(VZ)}IIXO_%? 1vllx, y - (8.29)

Now, using (8.29) and Proposition 8.1 the identity (8.21) gives the almost con-
servation law,

11v(D)I3 < [v(0)||3 +eN~ 4+||1V|\x - (8.30)

1
3+
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From (8.30) it is clear that the contribution of the error term R(¢) is very small
for large N and therefore one can use (8.30) in the iteration process to extend the
local solution.

Now we are in position to prove the following global well-posedness result.

Theorem 8.5. The IVP (8.1), k = 1, is globally well-posed in H*(R) for all s >
~3/10.

Proof. 1t is enough to show that the IVP (8.1) can be extended to [0, 7| for arbitrary
T > 0. To make the analysis easy one uses the scaling (7.8) mentioned in Chapter
7. More precisely, if v solves the IVP (8.1), k = 1, with initial data vy then for
1 > A >0 so does v;; where vy (x,7) = A%v(Ax,A3), with initial data v} (x) =
A%vo(Ax). Observe that v exists in [0, 7] if and only if v; exists in [0,A 73 T]. So we
are interested to extend v, in [0,A 73 T].

An easy calculation shows that

3 e
[V |2 < e 22N [|vo |y, (8.31)

where N = N(T') will be chosen later but now we pick A = A(N) by demanding

&
AN vgllsn = V7 <t (8.32)

From (8.32) one deduces that A ~ Ny% and using (8.32) in (8.31) one gets

g3 <. (833)

Therefore, if we choose g arbitrarily small then from Theorem 8.4 we see that IVP
(8.1), k=1, is well-posed for all ¢ € [0, 1].

Now, using the almost conserved quantity (8.30), the identity (8.33), and Theo-
rem 8.4, one gets

&
s <2

+cN*%+[3% (%)1/2} <eteN e (834)
So, one can iterate this process ¢~ N~ times before doubling [[1v;.(¢)||3. Hence

one can extend the solution in the time interval [0, c~!N%~] by taking ¢ "N~ times
steps of size O(1). As one is interested to define the solution in the time interval

[0, =3 T], one chooses N = N(T) such that, ¢~ N3~ > A73T. Thatis,
3 T =
N3 zcﬁ ~ TN

Therefore for large N, the existence interval will be arbitrarily large if we choose
s such that s > —3/10. This completes the proof of the theorem. a
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Question 2. For these global solutions whose regularity is below or between those
given by the conservation law one can ask for upper and lower bounds for the growth
of the H*-norm.

Theorem 8.1 provides some upper bound. In the case k = 2 where infinitely many
conservation laws are available, one has the upper bound

sup [[v(®)|ls2 <cT?®,  6(s) =min{s—[s], [s+1] —s} (8.35)
t€[0,7]

(see [Fo], [Stal]). A similar result for the case k = 1 is unknown as well as any lower
bound estimate of the growth of the H*-norm of the solutions.

For the case k = 3 the best known global result for large H*-data is due to [GPS]
for s > —1/42. We recall that s3 = —1/6 and the results in [To6] included global
well-posedness for small data in H~'/¢(R).

8.2 Case k=4

In this section we shall attempt to describe some of the main results in the recent
series of works by Martel and Merle. Among other conclusions they proved that
blow up in finite time occurs in some H' local solutions of the IVP (8.1) with k = 4.

For convenience sake we shall follow their notation, so we rewrite the equation
in (8.1) with k = 4 in divergence form to get

(8.36)

S+ 9 (Pu+u) =0,
u(x,0) = uo(x),

i.e., v(x,1) = v/Su(x,t). In this setting the conservation law E (or I3) becomes
/ 2 2
E(ug) = / (00 = 2] (e v (8.37)

We shall recall that the “traveling wave” @ (x) = 31 sech? (2x) satisfies
9"+ =0 (8.38)

and E(¢@) =0.
In [W2] Weinstein obtained the following sharp version of a Gagliardo—Nirenberg
inequality,

forall we H'(R), 6/ wedr < 5 G:; ) /(8xw)2dx. (8.39)

Thus if up € H'(R) with ||ug||2 < ||@]|2 one has
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2\ 2
1 (1 - f;g) /(axu)z(x,t)dxgE(uo) forall 7 € R. (8.40)

2

This a priori estimate together with I, (||u()||2 = ||uo||2) allows one to extend the
local solution of (8.36) globally in time.

Notice that based on homogeneity, Theorem 7.2 guarantees the existence of
global solutions for ug € L?(IR) with ||u||2 < & sufficiently small. From these re-
sults it is reasonable to conjecture that & = ||@||> (see the comments at the end of
this chapter).

Also from the proof of Theorem 7.4 with uy € H*(R), s € (0, 1], and using an
idea in [CzW4] one has that if there exists T € (0, ) such that

ITHTn llu(t)|]s.2 = oo for s€[0,1) (8.41)
t *

then
[u(t) |52 > (T —1)™*73, (8.42)

and by [W], [Me3] there exist ¢g, Ry > 0 both depending on |[|ug||» such that

lTirTn inf / lu(x,2)[>dx > co, (8.43)
t *
r—x(t) | <Ro(T*—1)!/3

for some function x(t).

The next result by Martel, Merle [MM3] tells us that any global H' solution of
(8.36) that at r = 0 is close to a traveling wave and does not disperse has to be
precisely the traveling wave.

Theorem 8.6 ((MM3] of Liouville’s type). Let up € H'(R) and let
||u0—(p||172:oc. (8.44)

Suppose that the corresponding H' solution of (8.36) satisfies:

(i)  There exist c1,cp > 0 such that
cr <lu@®)iz<c2 forall t € R. (8.45)

(ii)  There exists x(t) such that for every € > 0 there exists Ry > 0 so that

inf / (et dx<e forall 1 €R. (8.46)
x(t)eR .
[x—x(t)|>Ro

Then there exists oy > 0 such that for o € (0, &) one has
12 3
u(x,t) = Ay" " @(Ao(x —x0) — Agt) (8.47)

for some Ay € RT and xo € R.
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The proof of this theorem is quite interesting.

First the problem is renormalized by properly fixing the “center of mass” x(r)
and the “scaling” A (¢), which is possible due to the invariance up to translations and
dilations of the equation. Next the authors establish a uniform-in-time exponential
decay in the x-variable by using (8.46). Once this exponential decay is available they
reduce the problem to studying which solutions of the associated linearized equation
have such decay. They show that the solutions should have nontrivial projection on
the singular spectrum of the linearized problem. But this possibility is withdrawn
by using the choice of the parameters x(¢), A(¢). So the solution of the linearized
problem has to be the trivial one.

Theorem 8.7 ((MM5]). Under the hypotheses (8.44) and (8.45) in Theorem 8.6
there exists o such that if o € (0, 01) then there exist A(t), x(t) such that

A2 () u(A () (x— (1)), 1) = @ (x) +ur(x.1), (8.48)

where
up(t) =0  in H' as t7 oo, (8.49)

In fact one has that
A@) € (M, A2) forall t and x(t)Teo as 11 oo. (8.50)

In [MM1] Martel, Merle studied the stability of the traveling wave solution of
the IVP (8.1) with k = 4.

We recall that it was shown in [Bel] and [BSS] that for the IVP (8.1) with k =
1,2,3 the corresponding traveling waves were stable and in [BSS], that for k > 5
they were unstable. Also, we recall that for the IVP (8.36) we have that ¢ satisfies

E@) = [ (1022 9%)dx=0

and using (8.38) that

VE(<P)¢—§E(¢+6¢ —2/ 09 — <p¢)

:_2/ (p —|—(p ¢dx=—2/(P¢dx=<_2‘P»¢>-
So
VE(¢)=—-2¢.

Let € € H'(R) with ||&]1 2 < 1; thus E(@ +€) ~ (20, €).
The next result establishes the instability of the traveling wave in this critical case
k =41in (8.1) (see also (8.36)).

Theorem 8.8 ((MM1]). There exist 0, ag, by, co > 0 such that if uy = @ + € with

ecH'(R), |elha<a, xe®€L'(R), (8.51)
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le(x)| < bo(1+x)"2,  forall x>0 (8.52)
and
0< / £pdx < ¢ / 0> dx, (8.53)
then there exists ty = to(ug) such that
inf [[u(,10) = @(- —y)[l12 > . (8.54)
yeR

In fact, they show that (8.54) holds in L?(R). Observe that taking &, = n~'¢ for
n large enough, ¢, satisfies the hypotheses (8.51)—(8.53). Similarly, if € = a@ + &
with xe2 € L1, (1+x)?|ey(x)| < co for all x > 0 with ||&]|1.» < bg,/ap, then € also
satisfies (8.51)—(8.53).

In [Me4] Merle proved the existence of blow up solutions of (8.36) in finite or
infinite time.

Theorem 8.9 ([Me4]). There exists oty > 0 such that if ug € H' (R) with
E(up) <0  and /(p2 </u2 </(p2+ao, (8.55)

then the corresponding solution u(t) of (8.36) blows up in the H'-norm in finite or
infinite time.

Observe that since E(¢) = 0 and VE (@) = —2¢ there is a large class of data ug
satisfying (8.55) whose corresponding solution blows up.

In [MMS5] the authors show that any blow up solution close to the traveling wave
@ behaves asymptotically like it up to rescaling and translation, i.e., for some C!
functions x(z), A (1),

A2 u(A()x+x(t),t) =@ in HY(R) as 11T, T <oo.

(See [ABLS] for a related result.)
As a consequence they show that the blow up at finite time must occur at a rate
that in particular excludes the possibility of blow up at the self similar rate

1 x—x(t)
)~ e =y

since they establish that in this case (finite blow up time 7')

1im (T — )3 (| 0su(-,1) |2 = oo.
T
Based on these works Martel and Merle were able to show the blow up in finite
time [MM4] for solutions corresponding to data ug with negative energy (E (up) <
0), L%-norm close to that of the solitary wave, see (8.55), and with sufficient decay
at the right; i.e., there exists 8 > 0 such that for all xo > 0
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/ i< 2. (8.56)

Theorem 8.10 ((MM4]). Under the hypotheses (8.55) and (8.56) the corresponding
solutions of the IVP (8.36) blow up in finite time T < oo, i.e.,

lim | duu(t) 2 = o (8.57)

Moreover, lett, T T be the sequence defined as
[[9cu(,t)ll2 = 2" |9k |2 (8.58)

with
[Oku(- )2 >2"[|0:@ll2, t € (ta,T).

Then there exists no = n(ugp) such that for all n > ny,

(i) < —— 0 8.59
|| ”( )”2— |E(uo)|(T*l‘n) ( )
where co = 4([ 9)°(|9:0]2.

Notice that (8.58) follows if we assume that x* uy € L?([0,0)).

The proof of this theorem used the results in the previous one together with some
elliptic and oscillatory integral type estimates.

Finally we have their following result regarding the nonexistence of minimal
mass blow up solutions.

Theorem 8.11 (IMM6]). Let ug € H'(R) be such that

[luoll2 = ll@l2-

Assume that for some ¢ >0 and 60 >3

/ ud(x)dx < x% Sforall xo > 0.
X>X() 0

Then the corresponding solution u(t) of the IVP (8.36) does not blow up in H'(R)
either in finite or in infinite time.

We recall that for ||lug||2 < ||@||. global existence is known (see (8.40)). Also that
for the NLS with critical power there exists a unique (up to the invariants of the
equation) blow up solution with minimal mass, i.e., a blow up solution for

iQu+ Au+ |u|*"u=0,
u(x,0) = uo(x),

o =1+4/n,and ||up||2 = ||@||2, where @ is a solution of (5.8) (see [Me3]).
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8.3 Comments

The global solution for the IVP (8.1) with k > 5 with small data vy € H'(R) follows
by the argument used in (8.5). This tells us that

E(vo) > [ 0v(t)]I3 — ci | v (e) | vo 3727 (8.60)

Since at t = 0 we have

k/2
E(vo) > [|9vvoll3 — e 19015 [voll

2+2/k

2

then for ||vo||2 +1|dxvo|l2 < 1 one has E(vy) > 0, which inserted into (8.60) provides
an a priori estimate for ||d,v(7)||2 through an argument similar to the one in (6.10).
This combined with /, gives an a priori estimate for ||v()||1 2.

We also recall that in the case kK > 5 global well-posedness based on the homo-
geneity (scaling argument) was established in Theorem 7.5 for small data in H* (R),
sk=1/2-2/k.

Consider the periodic boundary value problem

3 k3 .
{8tv+8xv+v dv =0, 8.61)

v(x,0) =vo(x) € H¥(T),

teR, xeT, ke Z". Global well-posedness for (8.61) with k = 1,2,3 has been
established in H*(T) with s > —1/2, s > 1/2, s > 5/6, respectively by Colliander,
Keel, Staffilani, Takaoka, and Tao [CKSTT4], [CKSTT5].

For k > 4 the best results are due to Staffilani [Sta2] (s > 1 with a smallness
condition on the ||vgl|2 norm).

In the same regard for the IVP (8.36), global well-posedness is known in H*(R)
with s > 3/4 for data satisfying ||uo||2 < ||@]|2 (see [FLP1]). As it was mentioned
this result should hold in L?, i.e., if ug € L*>(R) and ||uo||> < ||¢||2, then the local
solution extends globally or § = ||@||2 in Theorem 7.2 with ¢ as in (8.38).

Next we shall briefly comment on stability for the solitary wave solutions (7.6)
for the k-gKdV equation. In [Bel] and [Bn2] the stability of the solitary wave solu-
tion for the KdV equation was established. The stability is in the following sense:
Given € > 0, there exists 0 > 0 such that if |[vo — @ 1||12 < 8, then for all r € R,
there is x(¢) such that

(- +x(2),8) = 01 ()12 < €. (8.62)

For the k-gKdV, it was proved in [BSS] that for k < 4 (subcritical case) the solitary
waves are stable, and for k > 4 they are unstable (see also [GSS]). Martel and Merle
[MM1] have recently shown the instability of the solitary waves in the critical case
k = 4. Regarding asymptotic stability of the solitary waves ¢, x, Pego and Weinstein
[PW] obtained results for the cases k = 1 and k = 2 for data decaying exponentially
as x — oo, In [MM2] the following assertion was proved: Given cg there exists a d ¢,



186 8 Asymptotic Behavior for k-gKdV Equations

such that for ||vo — ¢, k|12 < 0., there exist c.. a constant and x(¢) a real function
so that,
v(x+x(t),t) = @ox in H' ast— oo

for k =1,2,3, i.e., the subcritical case. The results listed above were obtained in the
H'-norm. Merle and Vega [MV] have shown the stability and asymptotic stability
for the solitary wave solutions of the KdV equation in the L?-norm.

In the introduction to this chapter we mentioned the fact that the KdV and mKdV
equations can be solved via the inverse scattering method. Now we would like to de-
scribe some interesting applications deduced from this method. The first one regards
the construction of explicit solutions called N-solitons. These solutions generalize
the solitary wave solutions or “solitons” (7.6) (k = 1,2) (see [Lb], [Sc]). In partic-
ular, they describe the interaction between several solitons with different speeds.
In addition, the N-soliton solutions decompose exactly as a sum of N solitons as
t — +oo. In other words, for any given 0 < c; < ¢ < --- < ¢y, Xp,...,Xy, there
exists an explicit N-soliton solution v(¢) such that

N
[v(t) = Y e, (- —xj—cjt)||,, = 0 as t — +eo. (8.63)
= '

Another interesting result shown in [ES] case k = 1 is the following: Any suf-
ficiently smooth and decaying solution v of (7.1) splits into two parts as t — oo,
ie.,

V(x,t) = Vd(xvt) + VC(x7t)a

where v, is an N-soliton solution and v, (x,7) — 0 uniformly for x > 0 as t — +-oo.
(see [Sc)).

Concerning the stability of N-solitons in the sense given in (8.62) for the soli-
tary waves, Martel, Merle, and Tai-Peng Tsai [MMT] obtained for powers k = 1,2
(integrable cases) and k = 3 (nonintegrable) the following result:

Theorem 8.12. Let 0 < ¢y < --- < cy. There exists W, A, Ly, 0 > O such that the
following is satisfied. Assume that there exist L > Ly, o0 < ¢, and x(l] << xg,
such that

N
[|v(0) — X%¢Cj(- —x(})HL2 <o, with x(; >x(}_1 +L
j=

Sforall j=2,...,N. Then there exist x(t),...,xy(t) € R such that for all t > 0,
- L
[v(1) = Y 0c, (x—x; (1)) |, < Al +e75).
= |

The above result tells us that if v(0) is close in the H'-norm to the sum of N-
solitons whose speeds are ordered (so they do not interact for # > 0) and whose
centers are far apart then the corresponding solution v(¢) remains close in H'-norm
to a translated sum of N-solitons for all # > 0.
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In [Ma] the following existence and uniqueness result of an asymptotic N-
soliton-like solution was established for the subcritical k = 1,2,3 and critical case
k=4in (8.1).

Theorem 8.13. Let N € Z+, 0 <c; <cr < --- <cn, X1,...,xny € R. There exists
a unique v € C([Ty,) : H'(R)) for some Ty > 0 solution of the equation (8.1) with
k=1,2,3, or 4 such that (8.63) holds. Moreover, there exist A,y > 0 such that

N
([v(r) — Z Oej(—xj—cjt)[ip <Ae.
j=1

Notice that Theorem 8.13 extends the estimate (8.63) to the nonintegrable cases
k=3,4.

It is an interesting problem to characterize the initial data which precede to the
formation of these special solution solitons or “breathers”. Using the inverse scater-
ing method (IST) this question was studied in [SaYa].

Also, it will be interesting to describe the interaction between these solutions
traveling in opposite directions. In this regard one has the results concerning the
so-called extended Korteweg-de Vries equation found in [CGD]

du+ audu+Bu? du+8d2u=0, a,B,8cR. (8.64)

It has been proved that this equation is integrable and also arises in the study of wave
propagation. Notice that in (8.64) the interaction between the dispersion and the
nonlinearity cubic and quadratic should be considered. It was shown in [CGD] that
(8.64) possesses breather solutions and solitons traveling in both directions when
B & > 0. Also based on the Hirota bilinear method explicit expressions describing
the interaction of these solutions were deduced. It was proved that these solutions
retain their shape after the interaction except for a phase shift, and numerical simu-
lations were presented to confirm this fact.

Analytic solutions of this kind for the modified KdV equation are unknown, as is
any stability study of its breather solutions.

In the same regard, one has the special solutions of the modified KdV equation

o+ 331) +v2 0 =0,

given by solitons (described in (7.6)) traveling to the right and the breathers (see
(7.106)), which travel to the left if 3N> > ®?. The description of the interaction of
these solutions is largely open.
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8.4 Exercises

8.1. Consider the VP (8.36) with a real-valued datum ug € H'(R) such that ||ug||» <
| @2 with @ asin (8.38). As it was shown in this case, u € C(R: H! (R)) is the global
solution of the problem.

(i)  Prove that for any time interval (¢,f0 +AT) with AT >0

1
Z (Hayg"“|L§L}0((zo,to+AT)) + ”a){+1“|‘L;°L}((tO,tO+AT))) < c(lluollr2: AT).

j=0
(8.65)
Hint: Use Theorem 7.4, and the conservation laws I and I3 in (7.4) and (7.5).
Notice that in this case s = 1 one can take d, instead of D, in (7.54) and
(7.55).
(ii))  Prove that for any time interval (¢o,70 + AT)

lutll a2 (19 10+a1)) < € ([[uoll12:AT). (8.66)

Hint: Use Lemma 7.3 and the integral equation
t.
u(t) =V (o~ [V~ W) dl =V (o +(0). (567)
0

(iii)  Prove that z(-) in (8.67) satisfies
z€C(R: H*(R)). (8.68)

Hint: First observe that to obtain (8.68) it suffices to show that 8)621 eC(R:
L?*(R)). Use (7.16) to reduce the problem to bound ||9xz(“5)||L1L,2((to-to+AT))
with AT < 1. Now combine parts (i) and (ii) to get the desired result.

Remark 8.1. Roughly speaking, Exercise 8.1 illustrates a general principle, i.e., if
ve C([0,T]: H(R)) is a solution of the kgKdV (7.10) with § > s x, where so is
the smallest Sobolev exponent where local well-posedness can be established (i.e.,
S0,1 = —3/4, 502 =1/4,...) then the integral term in z(¢)

v(t) =V (t)vo — / V(t =t )W) di' =V (t)vo + (1)
0

is more regular in the H*(IR) scale than both v(¢) and the linear part V (¢)vy.

8.2. Let v € C(R : H*(R)) be a solution of the KdV equation.

1) Prove that forr € R
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W6 = [ [g(&fv)z 3u(90)2+ %vﬂ (x,1) dx = I(v)(0) = I(vo).

(8.69)
(i)  Prove that there exists ¢ > 0 such that

sup [[v(r)[l22 < ¢|[vol22-
teR

Hint: Combine (8.69) and I, I5 in (7.4) and (7.5).

(i) IfveC(R:H'(R))is solution of the IVP associated to the KdV equation and
7o € H'*9(R), prove that 7 € C(R : H'*9(R)) and deduce an upper bound
for

®(T) = sup [[7(t)[[1+52

0<t<T

in terms of 7" and |[¥||,5 > (for the case of the mKdV, see (8.35)) .



Chapter 9
Other Nonlinear Dispersive Models

In this chapter we will discuss local and global well-posedness for some dispersive
models arising in different physical situations. Our goal is to present some relevant
results associated to the equations we will treat here and it is by no means an ex-
haustive study of each of them. In Section 9.1 we will treat the Davey—Stewartson
systems. The Ishimori equations will be considered in Section 9.2. The Kadomtsev—
Petviashvili (KP) equations will be discussed in Section 9.3. The Benjamin—Ono
equation will be studied in Section 9.4 and finally in Section 9.5 we will examine
the Zakharov systems. Finally, in Section 9.6 we will briefly discuss the inverse scat-
tering method and well-posedness results regarding higher order KdV equations.

9.1 Davey-Stewartson Systems

The cubic nonlinear Schrodinger equation
. 2, 1,12
idu+diu=|ul"u, xt€eR,

among other phenomena models the propagation of wave packets in the theory
of water waves. It is also a complete integrable system. The corresponding bi-
dimensional model is called the Davey—Stewartson system, which is given by the
nonlinear system of partial differential equations,

i0ju+ codtu+ ayzu:c1|u|2u+ CouxQ, ©.1)
320+ ¢392 = ,(Jul?), ‘

x,y €R, t> 0, where u = u(x,y,r) is a complex-valued function, ¢ = @(x,y,t) is
a real-valued function, and cy, c3 are real parameters and c;,c, are complex param-
eters. It was first derived by Davey and Stewartson in [DS] for ¢3 > 0. When cap-
illary effects are important, Djordjevic and Redekopp [DR] showed that c¢3 can be
negative (see also Benney and Roskes [BnR]). Independently, Ablowitz and Haber-

F. Linares, G. Ponce, Introduction to Nonlinear Dispersive Equations, 191
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man [AH] obtained a particular form of (9.1) as an example of a completely inte-
grable model also generalizing the two-dimensional nonlinear Schrédinger equa-
tion. In the context of inverse scattering theory the system above with parame-
ters (co,c1,¢2,¢3) = (1,—1,—-2,—1), (=1,—2,1,1), and (—1,2,—1,1) are known
as DSI, DSII defocusing, and DSII focusing, respectively. For these particular cases
several results regarding the existence of solitons and the Cauchy problem have been
established by inverse scattering techniques (see [AnF], [BC1], [FS1], [Sul]). For
instance, in [FS1] Fokas and Sung proved that for initial data in the Schwartz class
#(R?) and boundary data d,; (x,#) and 9@, (y,?) in the Schwartz class in the spa-
tial variable and continuous in ¢, (9.1) has a unique global solution in time ¢ which,
for each ¢ belongs to the Schwartz class in the spatial variable. The same result was
obtained in [BC1] for the DSII defocusing.

Ghigladia and Saut [GS] classified the system as elliptic-elliptic, hyperbolic-
elliptic, elliptic-hyperbolic, and hyperbolic-hyperbolic according to the signs of the
parameters (co,c3), i.e., (+,+), (—,+), (+,—), and (—, —), respectively.

The elliptic-elliptic and hyperbolic-elliptic cases were considered by Ghigladia
and Saut [GS]. In these cases they reduced the system (9.1) to the nonlinear cubic
Schrodinger equation with a nonlocal nonlinear term, i.e.,

idu+ codu+ &}?u = |uffu+E(u),

where E (1) = (A~ 92|u|?)u. They showed local well-posedness for data in L?(R?),
H'(R?), and H*(R?) using Strichartz estimates (see (4.19)) and the continuity prop-
erties of the operator A~!. They also established a global well-posedness as well as
blow up results for the elliptic-elliptic case. Ozawa in [Oz] found exact blow up
solutions in this case.

For the elliptic-hyperbolic and hyperbolic-hyperbolic cases the Strichartz esti-
mates cannot be applied. To explain this we will consider without loss of generality
co = £1 and ¢c3 = —1. So using a rotation in the xy-plane and assuming that ¢
satisfies the radiation condition

lim ¢(x,y,1) = @1 (x,1) and  lim @(x,y,1) = a2(y,2),
y—0o0

X—00

for some given functions @y, ¢, then the system (9.1) can be written as

idu+Hu=dy |ulPu+dyu [ d(|u(x,y,t)|*)dy
y

tdzu [y ([u(X,y,1)[2) dx’ + daude @y +dsudy s, ©.2)

u(x,y,O) = MO(%)’)»

where H = A in the elliptic-hyperbolic case and H = 20,0, in the hyperbolic-
hyperbolic case. The difficulty of these problems comes from the fact that the non-
linear terms contain derivatives of the unknown function and that terms
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oo

/8X u(x,y',1)|*)dy’ and /8},(|u(x/,y7t)|2)dx/
y

X

do not decay as |x| — oo, |y| — oo, respectively.
To describe the results in these two cases we introduce the weighted Sobolev
spaces H™! defined as follows:

H™(R?) = {f € 2R || fllgms = (1= A)"2(1+ )2 f] 2 < oo}

First we look at the elliptic-hyperbolic case. In [LiPo] Linares and Ponce proved
local well-posedness for the IVP (9.2) for sufficiently small data in H™° N H%®,
m > 12, ¢; = ¢, = 0. They use the smoothing effect of Kato’s type associated to
the group {e"'}. Chihara [Ch1], using pseudo differential operators, obtain a local
result for data in ug € H™ satisfying ||uo|l> < 1/(2y/max{d;,d>}), ¢1 = ¢» =0,
for m sufficiently large. Hayashi in [H2] showed local well-posedness for small
data in H™° N H%!, m, [ > 1. The main tool for accomplishing this was the use
of smoothing effects. In [HH2] Hayashi and Hirata proved that one can have local
result in the usual Sobolev space H3/20 for data with L2-norm small. The latest
updated result is due to Hayashi [H3], where he proved local well-posedness for
the TVP (9.2) for data of any size in HS(RZ), s > 2. Global results were obtained
by Hayashi and Hirota in [HH1] for small data in H 30 H93; see also [Ch1]. For
analytic function spaces a global result for small data was established by Hayashi
and Saut in [HS].

For the hyperbolic-hyperbolic case, using Kato’s smoothing effect Linares and
Ponce proved local well-posedness for small data in H*° NVH32, ¢, = ¢, =0 in
[LiPo]. Hayashi [H2] showed local well-posedness for small data in HS0 ﬂHOv‘S,
0 > 1. No local well-posedness results are known without restriction on the size of
the data.

9.2 Ishimori Equation

In this section we discuss local and global well-posedness results for a two dimen-
sional generalization of the Hesinberg equation, called the Ishimori equation which
reads

{ats = SA(I2S£D2S) +b(0:09,S +0,9,5), ©3)

920 T 970 = T25-(9:SN9,S),

x,y,t € R, where S(-,7) :R?> = R3 with ||S||=1, §— (0,0,1) as ||(x,y)]| — oo,
and A denotes the wedge product in R3.

This model was proposed by Ishimori in [Is1] as a two-dimensional generaliza-
tion of the Heisenberg equation in ferromagnetism, which corresponds to the case
b =0 and signs (—,+,+) in (9.3) and it was studied in [SSB].
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For b =1 the system (1.1) is completely integrable by inverse scattering (see
[AH], [BC1], [KMa], [Su2], [ZK], and references therein).

Using the stereographic variable u : R? — C one can get rid of the constraint
IS|| = 1. Thus, for

S +iS
= ,
+53 ] 2 (9.4)
§=(851,5%,83) = W(u—i—u,—t(w—u), 1 —|ul7),
the IVP for (9.3) can be written as
) (O — )
l&ﬂl"" 33u+a3y2u:2uw - lb(ax¢ayu— (9y¢(9xu),
2 1924 (Dxudyu) (9.5)
A 9+ad;o= E%fmi(1 )

u(xvya 0) = Mo(%)’)a

with the condition u(x,y,r) — 0 as ||(x,y)|| — oo, where a, @’ € R\ {0}.

To discuss the local and global results we will distinguish two cases: case (—,+),
i.e., a < 0 in the first equation, and @’ > 0 in the second equation in (9.5) and case
(4, —) with similar connotation.

The case (—,+) was studied by Soyeur [Sy]. He obtained local well-posedness
for the IVP (9.5) for small data in H"(R?), m > 4. Assuming additional regularity
on the data he extended the local solution globally in H”(R?), m > 6. The argument
used here does not extend to the case (+,—).

The case (4, —) was first studied by Hayashi and Saut [HS]. They considered
the problem in a class of analytic functions obtaining local and global existence
results for small analytic data. This approach allows them to overcome the loss of
derivatives introduced by the nonlinearity.

Hayashi in [H4] removed the analyticity hypotheses used in [HS]. He estab-
lished local well-posedness for the IVP (9.5) for small data in the weighted Sobolev
H*(R?*) NL2((x* +y*)* dxdy).

In [KPV9] Kenig, Ponce, and Vega established a local well-posedness result for
data of arbitrary size in the space H*(R?)N L?(|x|™ dx). The method of proof follows
closely the method explained in detail in the next chapter.

9.3 KP Equations

In this section we will discuss some well-posedness results for the Kadomtsev—
Petviashvili (KP) equations. The KP equations are two-dimensional versions of the
KdV equation. They arise in many physical contexts as models for the propagation
of weakly nonlinear dispersive long waves, which are essentially one-directional,
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with weak transverse effects. For instance, in the plasma physics context these mod-
els were derived by Kadomtsev and Petviashvili [KP]. Meanwhile, in surface water
wave theory, they were deduced by Ablowitz and Segur in [AS1]. It is also one of
the classical prototype problems in the field of exactly solvable equations (see [AC]
for a complete set of references in this field).

The equation reads as follows.

{8X(8tu+8)?u+u8xu) F02u=0 ©6)

u(x,y,0) = uo(x,y),

x,y € R, t > 0. Under some conditions on the initial data, (9.6) can be written as

{8,u—|—83u+u8xu :F&;lz?yzuzo ©7)

u(x,3,0) = uo(x,y),

x,y € R, t > 0. When the sign in front of 8x_18y2 in (9.7) is minus we refer to this
equation as the KPI equation; otherwise we called it the KPII equation.

The results concerning well-posedness for KPI and KPII equations are quite dif-
ferent. We will first list the results regarding the KPII equation.

Bourgain [Bo10] showed local and global well-posedness for data in H*(R?),
s > 0. The local result was obtained by the Fourier transform restriction method in-
troduced by him to study nonlinear dispersive equations. In [Tz1] Tzvetkov obtained
local results in anisotropic Sobolev spaces H*12(R?) defined as

H51%2 (RZ) _ {f c y/(RZ) .
£ s = [ (111 (418D G, &) PG dEs < oo},
R2

with s; > —1/4, s, > 0. He combined the ideas in [Bol] with bilinear estimates
in [KPV6] and Strichartz estimates. Improvements of these results were obtained
in [Tz2], [Tk2]. Independently, Isaza and Mejia [IM1] and Takaoka and Tzvetkov
[TT] established local well-posedness for data in H*!+2 (Rz) for s; > —1/3 and
52 > 0. Global results are also obtained in [IM1], [Tk2] using Bourgain’s method in
[BoS]. Recently Isaza and Mejia [IM2] using the I-method introduced by [CKSTT6]
showed global well-posedness for data in H*12(IR?) for s; > —1/14 and 5, > 0.
The problem for the KPI equation is completely different. The techniques used
in Bourgain [Bol] do not work any more here due to the lack of symmetry of the
symbol associated to the equation. In [IN] Iorio and Nunes showed local existence
result using the Kato quasilinear theory for data in H*(R?), s > 2. Molinet, Saut,
and Tzvetkov [MST1] showed that the difficulty with respect to the symmetry of the
symbol was not at all technical, by proving that a Picard’s scheme cannot be applied
to study local well-posedness for that equation in pure Sobolev spaces. However,
they showed [MST2] using the conservation laws for the solution flow of the KPI
equation and a compactness argument the global existence of solutions for (9.7).
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More precisely, let
Z={fe " (R :||flz <o}

with
I z:=1F 241105 Flla+ 10y 1l2+ 1195 Oy flla+ 1195295 fl2-

Theorem 9.1. Let ug € Z. Then there exists a unique global solution u of the KPI
equation (9.7) with initial data ug, such that

uc L. ([0,0): Z), du € Lo ([0,00) : HH(R?)).

Colliander, Kenig, and Staffilani [CKeS] have shown using smoothing effects,
local and global results for data in H>(R?) N W, where W is a weighted Sobolev
space.

Recently, Kenig ([Ke]) showed local well-posedness in

Yo={u € L(R) : [lull2 +[|J5ull2 + | ' dyull2 < oo}

for the KPI equation, s > 3/2. Combining this local result with the results in [MST2]
he established global well-posedness in the space

Zo={u € L*(R?) : Jull2+[197 " dyulla +[|0Zull2 +[1072F ull2 < oo}

Regarding the periodic setting there are some results by Bourgain [Bo10], Torio
and Nunes [IN], and Isaza, Mejia, and Stallbohm [IMS].

9.4 BO Equation

2 —_
{ -+ HOZu + udu = 0, 9.8)

u(x,0) = up(x),

x € R, t > 0, where H denotes the Hilbert transform (see Definition 1.7).

This integro-differential equation serves as a generic model for the study of
weakly nonlinear long waves incorporating the lowest-order effects of nonlinearity
and nonlocal dispersion. In particular, the propagation of internal waves in stratified
fluids of great depth is described by the BO equation (see [Be2], [On]) and turns out
to be important in other physical situations as well (see [DaR], [Is2], [MK]). Among
noticeable properties of this equation we can mention that it defines a Hamiltonian
system, can be solved by an analogue of the inverse scattering method (see [AF]),
admits (multi)soliton solutions (see [Ca]), and satisfies infinitely many conserved
quantities (see [Ca]).

Regarding the IVP associated to the BO equation, local and global results have
been obtained by various authors. Iorio [Io1] showed local well-posedness for data
in H*(R), s > 3/2, and making use of the conserved quantities he extended globally
the result in H*(R), s > 2. He also studied the problem in weighted Sobolev spaces.
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In [Po], Ponce extended the local result for data in H>/ 2(R) and the global result for
any solution in H*(R), s > 3/2. In [MST3], Molinet, Saut, and Tzvetkov showed
that the Picard iteration process cannot be carry out to prove local results for the
BO equation in H*(R). The above mentioned results made use of parabolic regu-
larization, smoothing properties, and energy estimates. Koch and Tzvetkov [KTz]
established a local result for data in H*(R), s > 5/4, improving the one given in
[Po]. The main idea is the use of the Strichartz estimates to control one derivative of
the solution. More precisely, through energy estimates and Kato—Ponce commutator
estimates (3.14) a smooth solution of the BO equation satisfies

T
1D%ull 3 < )2 exp (c [ (o) - ). ©9)
0

Then the Strichartz estimates allow them to establish the existence of a constant ¢
such that

1
/ (| Dua(t)|| 2= dt < c 9.10)
0

whenever uy € H*(R), s > 5/4. Then, combining (9.9) and (9.10) and a standard
compactness argument, the result follows.

Tao in [To4] showed that the IVP associated to the BO equation is globally well-
posed in H' (R). The new tool introduced by him was the following gauge transfor-

mation
X

w=P (e Fu), F=Fu)= /u(y,t)dy7 9.11)

—oo0

where P, f (&) = Xj0,0) (E)f(E). This is a variant of the Cole~Hopf transformation
for viscous Burgers’ equation (see Exercise 9.7), which in this setting allows one to
remove most of the worst terms involving the derivative.

The most recent progress regarding local well-posedness for (9.8) was achieved
by Ionescu and Kenig [IK1]. They established local and global well-posedness for
data in the Banach space H:(R), r > 0, where H:(R) denotes the space of real-
valued functions f with the usual norm || f{|zs = || (1 + |‘§|2)S/2f”L§‘

In the periodic setting, Molinet [Mo] has shown global well-posedness for data
in L2(T).

In the previous chapters we discussed some decay and smoothness properties for
solutions of the NLS and k-gKdV equations and their relationship. In particular, for
initial data in the Schwartz class ., the corresponding solutions also belong to this
class in their life span. The decay of the data is reflected not only in the decay of
the corresponding solutions of the associated IVP (persistence). Solutions of the BO
equation do not share this property, not even the persistence property regarding the
decay. To illustrate this unusual character of solutions of the BO equation we shall
discuss the results obtained by I6rio in [Io1], [Io2].

First we consider the IVP associated to the linear e-BO equation
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2 22
{8,u—|—2H8xu— €dlu, ©.12)

u(x,0) = ¢ (x)

in the space .Z$(R) = H*(R) N L?((1+x?)"dx), which relates differentiability and
decay.
The unique solution of (9.12) is given by

u(t) = Ue(1) = (Fe(t,)9)", (9.13)

2

where Fp(1,&) = e~1(e-2i5mn(8))6",
Assume that ¢ € L?((14x?)dx). Then

eii(E,1) = OcFe(1,€)0 + Fe(1,E)9: 6

and using that

OpFe(1,6) = (—2t8)(e —2isgn(G)) Fe(1,6)

itis clear that J; @ € L*(R) if and only if £¢ € L*(R), i.e., ¢ € H'(R). This argument
also shows that if ¢ € .7 (R) then u € C([0,0) : Z] (R)). A similar result holds for
¢ € Z}(R). Using that

IzFe(t,6) = (—21)(e —2isgn(§))Fe(1,§) + (—21€)* (e — 2isgn(§))*Fe (1,€)

and the Leibniz rule it follows that u € C([0,) : F3(R)).
The problem starts when we consider ¢ € L?((1 4 x?)3dx). Observe that

O3 Fe(1,E) = 4ir§ +3(—20)* (e — 2isgn(&))*Fel(r,£)
+(—28)* (e —2isgn(&))’Fe (1, £),

where § denotes Dirac’s delta function. To have u € .73 (R) we need to eliminate §.
After using of the Leibniz rule it is only possible if and only if (}; (0)=0.
In general, one has
) ) J
OJFe(1,6) =4ir8 Y+ Y ari* §" 0 (e — 2isgn(§))*Fe(1,6), j > 4,
k=1

where § denotes Dirac’s delta function, a; € R, m(k) an integer. Hence the solution
u of (9.12) satisfies u € C([0,) : .Z/(R)), r > 3, if and only if 85’(1)(0) =0,j=

0,1,...,r=3.
As a consequence of this one has the following result due to Iério [Io2].

Theorem 9.2. Let u = ug € C([0,T] : Z), T >0, € > 0, be the solution of

(9.14)

du+2H2u+ 9, (u?) = €d2u,
u(x,0) = ¢ (x).
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Then u(t) =0 forall t € [0,T).

Notice that the above results are mainly a consequence of the lack of smoothness
of the symbol & |&| modeling the dispersion.

For the sake of completeness we explain the parabolic regularization method or
artificial viscosity method for the case of the BO equation. This method will be used
in the next chapter.

Consider the IVP (9.14) with € > 0. To show existence of solutions for this prob-
lem one uses the integral operator

t
Bult) = Ue (1o + / Ut — ') udeu(s)dt', 9.15)
0

where Ug (¢) is defined in (9.13). One observes that
[Ue(t)uoll2 = [|uoll2-

Then to avoid the “loss of derivatives” the following estimate is the key:

1
|0 Ue (t)uo||> < WHMOHZ-
Using these estimates and the integral equation (9.15) one has that

1Pull 2yt < Nuollr2+e" 272l (9.16)

TH'
Then choosing T; = O(¢) it follows that @ is a contraction in C([0, T¢], H*(R)).
To obtain a solution of the BO we need to make € — 0 but to do so we need solutions
of the problem (9.14) to be defined in a common interval of time independent of €.
This can be done by obtaining an a priori estimate. In this case it follows by using
commutator estimates in [K2], [KPo]. More precisely, the solution satisfies

d 2
(@)l < e u(e) 2, for s> 3/2.
This a priori estimate allows one to extend the above local solutions to an interval
[0,T], with T = O(||uo||;21) independent of €. To pass to the limit when € tends to
zero we refer to [Iol] for the details.

Next, consider the IVP associated to the generalized BO equation, that is,

2 k =
{8tu+H9xu+” dyu =0, 9.17)

u(x,0) = up(x),

XERt>0,k€ZT, k>2.
In addition to preserve the L?-norm, solutions of the IVP (9.17) leave invariant
the quantity
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=

B@(0) = [ (1D ute) -

—o0

1 k+2)
—u(x,t dx. 9.18
(k+1)(k+2) (x:2) ©-18)
These quantities will be useful for extending possible local results globally in the
corresponding Sobolev spaces dictated for them.

We also notice that the scaling argument for the equation in (9.17) suggests well-
posedness for the IVP in H*(R) for

1 1
s>sk—2 = (9.19)

Using the oscillatory integral techniques described in Chapters 4 and 7 in
[KPV11] local well-posedness for small data was established in Sobolev indices
lower than the 3/2 given by the energy method.

In [MR1] and [MR2] Molinet and Riboud improved the results in [KPV11]. In
particular, they showed local well-posedness for small data in H*(R), s > 1/3 for
k=3, and s > s for k > 4, and for any data in H*(R), s >3/4 fork=3,s>1/2
for k =4, and s > 1/2 for k > 5. These results can be extended globally using
the conserved quantities (9.18) whenever the local well-posedness is realized in
H!/? (R). Kenig and Takaoka [KT] has obtained global well-posedness for (9.17)
with k = 2 for s > 1/2. One of the main new tool used by these authors was a gauge
transformation reminiscent of that introduced by Tao (see (9.11)).

[ll-posedness results concerning IVP (9.17) were proved in [BiL].

9.5 Zakharov System

In this section we will give an account of some results concerning local and global
well-posedness for the Zakharov system,

idiu+Au=uv,
A7292 — Av=A(|ul?), (9.20)
u(x,0) = up(x), v(x,0) = vo(x), dhv(x,0) =vi(x),

x€R", t >0, where u : R" X [0,00) — C" and v : R" — R.

This system was introduced by Zakharov [Zk] to describe the long wave Lang-
muir turbulence in a plasma. The function u = u(x,¢) represents the slowly varying
envelope of the highly oscillatory electric field; v = v(x,) is the deviation of the ion
density from the equilibrium; and A is proportional to the ionic speed of sound. In
the limit when A — oo the system (9.20) reduces formally to the cubic (focusing)
nonlinear Schrédinger equation,

10 Uoo + Alloo = —|ttoo]? Ueo. (9.21)
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The Zakharov system has been studied by several authors. Sulem and Sulem
[SS1] showed that for data

(uo,vo,v1) € H*(R") x H*"H(R") x (H*2(R") nH ' (R")) (9.22)
with s > 3 and 1 < n < 3, the IVP (9.20) has unique local solution
(u,v) € L*([0,T] : H*(R")) x L™([0,T] :H‘Y’I(R")).

They also proved in the case n = 1 that these solutions can be extended globally in
time. Later on in [AA2] Added and Added established the global existence for the
solutions given in [SS1] in the case n = 2 when the data ||u||2 is sufficiently small.
Schochet and Weinstein [SWe] obtained a local existence result and uniqueness re-
sult for data in (9.22) with time interval [0, 7] independent of the parameter A. This
allowed them to prove that solutions (ul,vk) of (9.20) converge to a solution of
(9.21) as A — oo. For small amplitude solutions rates of this convergence were ob-
tained in [AA1]. Ozawa and Tsutsumi [OT3] found optimal rates of convergence of
solutions of (9.20) to solutions of (9.21).

In [OT2] Ozawa and Tsutsumi obtained, for a fixed A, unique local results for
the TVP (9.20) for data (ug,vo,v1) € H*(R") x H'(R") x L>(R") with 1 < n < 3.
They removed the hypothesis vi € H~! in previous works. The idea used before
[OT2] was to reduce (9.20) to a first order system. In particular, a new variable V =
A~!AVy, appears in the scheme so v; has to be in H~!. Ozawa and Tsutsumi used
a different transformation that allowed them to use the L”-L? estimates of Strichartz
type.

Kenig, Ponce, and Vega [KPV8] proved that an iteration scheme can be used
directly to obtain small amplitude solutions. They showed that for n > 1, there exist
s>0,m€Z",and § > 0 such that for any data

(itg,v0,v1) € 2™ = H*(R™) A H (|x|™ dx) x H~V/2(R") x H*~3/2(R"), (9.23)

so = [(s+3)/2] (where [r] denotes the largest integer < r) with ||(uo, vo, V1)
8, there exists a unique solution («*,v*) in an interval of time [0, 7] independent of
A > 1. They also showed that under some additional hypotheses on vy and vy,

asm <

sup [|(u* —u) (1) [0 = O(A™")  as A — oo,
[0.7]

The main idea used in [KPV8] was to exploit the inhomogeneous n-dimensional
version of Kato’s smoothing effect (4.26) to overcome the loss of derivatives. This
was complemented with the maximal function estimates for the group {e}.

In [BoC] Bourgain and Colliander showed local well-posedness of IVP (9.20) in
the energy space (1o, vo,v1) € H' (R") x L>(R") x H~'(R"), n = 2, 3, by the method
developed by Bourgain [Bol]. Global well-posedness for small data is also shown
by combining local well-posedness and conservation laws.
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Ginibre, Tsutsumi, and Velo [GTV], using the Fourier restriction method intro-
duced by Bourgain [Bol], obtained a more complete set of results concerning local
well-posedness. Their results are roughly as follows:

For data (ug,vo,v1) € H*(R") x H'(R") x H'=1(R") the IVP is locally well-
posed provided

(k,1) dimension
1 1
k1<, 2%z144 | n=1
[>0, 2k—(I+1)>0 n=2,3
I>%-2,  2%—(+1)>2-2| n>4

The solutions satisfy
(u,v,0,v) € C([0,T] : HX(R") x H'(R") x H'"(R™)).

Regarding blow up results we shall mention the following. In the two-dimen-
sional case Glangetas and Merle [GM] proved the existence of blow up solutions
with radial symmetry and self-similar form:

u(x,f) = =2 eid’(x,z)P( x| @ >’

(T —1) T—t
2
v(x,t) = (—w ) N(|x|w),
T—t T—t
where ® € R and ) 5
P(x,1) = o° __M

(T—1) 4T-—1)

They also showed that concentration happens in L? (see (6.4)). In [Me5] Merle
found rates for the blow up. He also obtained some extensions of the blow up results
in [Me6].

In the one-dimensional case a global result below the energy space has been
proved by Pecher [P2].

The corresponding IVP (9.20) in the periodic setting was treated by Bourgain in
[Bo9] and Takaoka in [Tk1].

To end this section we comment on the results obtained by Colin and Métivier
[CM] and Linares, Ponce, and Saut [LPS] regarding the local theory concerning
a system deduced by Zakharov where the Schodinger linear part has a degenerate
Laplacian. In [CM] it was established that the periodic boundary value problem is
ill-posed. However, the use of some smoothing properties in [LPS] allow the authors
to prove local well-posedness in spaces defined via those regularizing properties.
This example illustrates the difference between the nonperiodic and periodic setting.
In Chapter 10 we will comment on general quasilinear Schrédinger equations.
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9.6 Higher Order KdV Equations

In 1967 Gardner, Greene, Kruskal, and Miura [GGKM] discovered the remarkable
fact that the spectrum of the Sturm-Liouville (or stationary Schrodinger) equation
d?y

=2 gx)y=2Ay, —oo<x< oo, (9.24)

Ly(y) =y"—q(x)y

does not change when the potential g(x) evolves accordingly to the KdV equation,
i.e., if u(x,r) solves the IVP

du+ du+udu=0, 9.25)
M()QO) = Q(x)’
x,t € R, with ¢(+) in an appropriate class, then
spectrum of L, = 6 (L,) = 0(L,,) foranyteR. (9.26)

This principle allowed them to use results from direct and inverse spectral theory
to solve the IVP (9.25) through a succession of linear computations. This procedure
is called the inverse scattering method (ISM) as mentioned in previous chapter.

More precisely, to guarantee the validity of the process we will describe next,
one assumes that g(x) satisfies the decay assumption

)

/(1 +[x/?) |g(x)|?dx < oo (no optimal condition). (9.27)

—oo0

The scattering data for the problem (9.24) is the spectral information needed to
reconstruct the potential g(x).
First, one has the spectrum o (L,) where by (9.27)

o(Lg) = (—e0,0lU{K;}Y,, NeZ"u{o}, (9.28)

j=1

where (—oo, 0] is the continuous spectrum and A; = k?, j=1,...,N, are the eigenval-

ues corresponding to eigenfunctions {l[/j}l}’:l C L*(R) normalized, i.e., |yl = 1,
j=1,...,N. Thus from (9.24) and (9.27)

vi(x) ~cjei™ as xToo, j=1,...,N. (9.29)
The {c; }1}/:1 are called the “normalizing coefficients.”

For A < 0 the generalized eigenfunctions can be written as (k= v/ —A1)

e 4 p(k) e, x — +oo
y(x) ~ { (k) (9.30)

a(k) e, X — —oo,
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where a(k) and b(k) are called the transmitted and the reflected coefficients, respec-
tively, extended to k € R.

The scattering data are given by the spectrum, the normalizing coefficients, and
the reflected coefficients

{o(Lg): {c;}o: {b(k): ke R}}. 9.31)

This information permits one to recover the potential g(x) as follows: Define
- le ik
= Z e+ / b(k) ™ dk, (9.32)
and let K(x, z) be the solution of the Marchenko (Fredholm integral) equation
K(x7z)+F(x+Z)+/K(x,x’)F(x’+z)dx’:O. (9.33)

Then the potential is obtained via the formula

(9.34)

=X

Assuming now that the potential g(x) evolves accordingly to (9.25), one can show
(see [AS2], [DJ] for details of this discussion) that the scattering data change in time
as (9.26) (spectrum), and

(1) = c(0) ™ f’e%; - 9.35)
b(k;t) = b(k;0) 8" = b(k) ek,
Hence we know
{o(Lu.1): {cjOYys {blkst) : k>0}}, (9.36)

the scattering data for

Lypny() =Y —u(-t)y=2y,

which allows one to recover the potential u(-,), i.e., the solution of the IVP (9.24)
associated to the KdV.
In [Lx2] Lax generalized this principle by finding a class of evolution equations
for which the operators
d2

Lu(n,l) = ﬁ — M(.X7t) (937)

are unitary equivalent whenever u(-,#) is a solution of an equation in this class. One
must find a family of unitary operators {U () };> _., such that
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U* (l) Lu( ) U(l‘) = Lu(»,O)- (9.38)

This family should satisfy an equation of the form

d

Eu(t) =B()U (1) (9.39)

for some B(t) skew-symmetric operator. Combining (9.38) and (9.39) one sees that

d
aLu(-,t) = B([) Lu(~,l) - Lu(~,l) B(t) = [B(t);Lu(n,l)]' (9.40)

d
Choosing B = By = — one gets
dx

d d
Ly = = | il = —dha ©41)
ie.,
diu+ =0,
whose solution u(x,) = ug(x —t) = g(x —t) clearly leaves the spectrum of L,. ;) in
(9.37) independently of 7.
The choice

d? d d
=0— —+—(u- 42
Bi adx2+ﬁ(udx+dx(u )) ©.42)
with appropriate values of the constants o and 3 gives
[Bi(1): Ly(.p)) = —dju—udu. (9.43)

Hence, (9.40) becomes the KdV equation.
In general, one has

J2+r ! d2k+1 d2k+1

Bj= oot +k§) [Bjk(u)m + W(ﬁkj(u) ')} 9.44)

with i (u) selected such that [Bj; L,. ;)] has order zero.

‘9

Thus for B, (u) one obtains (up to rescaling)
Ot — u+10ud3u+ 200 d?u —30u? du = 0. (9.45)

This class can also be described using the conservation laws satisfied by solutions
of the KdV [Lx2]

Foy(u) = 3/udx; Fi(u) = %/uzdx; F(u) = / (u—; - (ax;)2>dx; .... (9.46)

The gradient of these functionals (JF; = G,) are
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1
Go(u) =3, Gi(u) =u, Ga(u) =5 W+ %u, ..., (9.47)

which are related by the formula

HG;=09Gj1, j=0,1,..., (9.48)
where
&2 d 1da
T dxd 3 dx 3dx’
and 4
oru+ aG‘jJ’»l = du+ [Bj;Lu(-,t)] =0, j=0,1,..., (9.49)

which is called the jth equation in the KdV hierarchy.

So (9.45) is the second equation in the KdV hierarchy. Related versions of
this equation appear as a higher order approximations in the study of water wave
problems for long, small amplitude waves over shallow horizontal bottom. (See
for instance [Ol], [Bnl] and references therein). In 1972 Zhakarov and Shabat
[ZS] showed that the ISM used for the KdV and its hierarchy can be extended to
other relevant physical equations. More precisely, they proved that the cubic one-
dimensional defocusing Schrodinger equation

iou=u+Alulu, A >0,

can be solved by considering an appropriate linear scattering problem and its in-
verse.

The local and global well-posedness of the IVP and PBVP associated to equation
(9.45) was established in [St2]. Also the PBVP for the whole KdV hierarchy was
given in [Sch].

Here we restrict ourselves to consider the IVP for the KdV hierarchy in (9.49).

In a more general framework consider the initial value problem

8,u+8)¢2j+1u+P(u, qu7...,83ju)20, 9.50)
u(x,0) = up(x), )
x,t €R, j € Z", where u = u(x,1) is real-(or complex-) valued function and
P:R¥1 R (or P:C¥H s Q)
is a polynomial having no constant or linear terms, i.e.,
()
P(z)= Y aqz* with {H>2 9.51)

la|=Lo

and z = (Zl,---7Z2j+1)~
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In [KPV13] local well-posedness of the IVP (9.50) in X; ,, = H*(R) NL?(|x|™ dx)
was established. The proof combines the fact that the results in [HO] extend to
diagonal systems and a change of dependent variable, which allows us to write the
equation in (9.50) (after a few differentiations with respect to the x-variable) as a
diagonal system

00" + 0¥ o* + (0., 0", d0',..., 07 0™ =0 (9.52)

fork=1,...,m=m(j) where the nonlinear terms Qy are independent of the highest
derivatives, i.e., those of order 2j. In this case some modifications are needed since
the Oy introduced by the change of variable involve nonlocal operators.

More precisely, in [KPV13] the following two results were proven:

Theorem 9.3. Let P(-) be a polynomial of the type described in (9.51). Then there
exist s,m € 7 such that for any uy € W5, = H*(R) N L?(|x|™ dx) there exist T =
T (||uoll%;,,) >0 (with T(p) — oo as p — 0) and a unique solution u(-) of the IVP
(9.50) satisfying

we C([0,T]: Wom), (9.53)
T
sup / 105 u(x, 1) Pdt < oo (9.54)
0
and N
/sup|8xru(x,t)|dx<oo, r:07...,[s—~2_]}. (9.55)

[0,7]

—o0

If up € Wsym with so > s the results above hold with s instead of s in the same
time interval [0,T].

Moreover, for any T' € (0,T) there exists a neighborhood Uy, of ug in # y, such
that the map o — u(t) from Uy, into the class defined in (9.53)—~(9.55), with T’
instead of T, is smooth.

Theorem 9.4. Let P(-) be a polynomial of the type described in (9.51) with £y > 3.
Then the results in Theorem 9.3 hold with m = 0 and L2-norm instead of L} -norm
in (9.55).

Theorem 9.4 tells us that the IVP for the equation
O+ ddu+ (1P + (du)?)2u=0, xtcR (9.56)

is locally well-posed in H*(R), s > s, with s¢ sufficiently large. Roughly speaking
Theorems 9.3-9.4 establish conditions that guarantee that the local behavior of the
solution of (9.50) is controlled by the linear part of the equation. Moreover, it shows
that the dispersive structure of the equation is strong enough to overcome nonlinear
terms of lower order with arbitrary sign as in (9.56).

However, for a specific model of the kind described in (9.50) the results in The-
orems 9.3 and 9.4 can be improved by reducing the index s and m depending on the
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order (2j+ 1) considered and the structure of the nonlinear term (see for example
[Kw2] and [Ci] for some fifth order cases).

9.7 Exercises

9.1. Prove that the Benjamin—Ono equation
du+ H8X2u +udu=0
has a traveling wave solution (decaying at infinity) ¢ (x+ ct), ¢ > 0, with

.

¢(x):m-

Notice that ¢ (x+ct) is negative and moves to the left, so ¢(x—ct) = —¢(x —ct)
is a traveling wave, positive and traveling to the right, of the equation

oy — H<9x2v—|—v8xv =0.

Hint: Integrate the equation for ¢ to get a first order ODE. Take Fourier transform
and use Exercise 3.3 to get the result.

9.2. (Camassa—Holm equation [CH]) Consider the equation
8lu—8laxzu—|—3u8xu = 2(9)6148314—1—148314. (9.57)

(1)  Prove that (9.57) can be written in the formally equivalent form

(8xu)2 _
T) —0. (9.58)

1
du+udu+ 3 Oee M s (u2 +

(i) Prove that for any ¢ > 0 the equation (9.57) has the nonsmooth traveling wave
(peakon)

—|x—ct|

o(x—ct)=ce

Hint: (i) Use Exercise 3.4.
(i1) Notice first that it suffices to consider the ODE for ¢ with ¢ = 1. Prove that

4 2
(efu *efzu) ()= 3ok 2o,

Integrate the ODE and use that (¢'(x))? = ¢(x).

9.3. (Compactons [RH]) Consider the quasilinear equation
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O+ 93 (u?) + 9, (u?) = 0. (9.59)

Show that the C!-function of compact support

— cos? (35, |x—ct| < 2m,

0, |x—ct| >2m,

¢ > 0, is a traveling wave (classical) solution of (9.59).

9.4. Show that the Boussinesq equation
OPu—0%u—dtu+9*(u?) =0
has traveling wave solutions of the form
u(x,r) = asech?(b(x — ct)),

with appropriate values of a, b for ¢ > 0 and ¢ < 0, i.e., the wave propagates in any
direction.

9.5. Consider the linear part of the Benjamin—Ono equation

Lu= 8,u+H8xzu =0

Defining
I'=x—-2tHd,=x—2tD,.
Show that
[L;T]=[L; % =0,
[L:T%¢ =0 ifandonlyif ¢(0,7)=0, forallz€R,
and

[L;T* #0.
9.6. Consider the linear IVP associated to (9.50)

w(x,0) —WO(X ‘
x,t eR, j=0,1,.... Denote by
w(x,r) = Vit wolx) = e % wo (x) 9.61)

its solution.

1) Prove that for any j = 0,1,... there exists ¢c; > 0 such that for any x,7 € R
one has that
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(ii)

(iii)

(iv)

9 Other Nonlinear Dispersive Models
& [1omwxn)Pas= [Py =3 .62

Hint: Follow the argument given in the proof of Lemma 7.1.
Prove that for any j =0,1,... there exists c’j > 0 such that for any x, 7 € R,

\a2f/v (1~ 1) F(1)de | p < EIF - 9.63)

Hint: Follow the argument given in the proof of Theorem 4.4 (estimate
(4.24)).

Show that for any k =0, 1,...,j there exists ¢ = c(k; j) > 0 such that for any
xR,

t
2
/ﬂaﬁk/kgr—t )dtﬁdo Y
0

< T [IF Pl

(9.64)

Hint: Combine (i) and Minkowski’s integral inequality to obtain (9.64) for
k = 0. Interpolate between this result and (9.63).
Using the (unsharp) estimate

| sup [Vi(t)uolll2 < c(1+T)|uoll2j+1.2
0<t<T

sketch the proof of Theorem 9.4 using a fixed point argument in

®(u) (1) uo+/V (t—1')P(us....,0%u) (-1') .

9.7. (Cole-Hopf transformation) Let w = w(x,t) be a positive C3-solution of the
heat equation

®
(i)

ow=20d*w,  xeR,r>0. (9.65)

Prove that u(x,t) = —2d(Inw(x,t)) satisfies the viscous Burgers’ equation
(7.103).
Prove that if u = u(x,t) is a C?-solution of the viscous Burgers’ equation

X
(7.103) with u € L=(R* : L'(R)), then w(x,f) = exp ( ~1y u(s,r)ds) is

a positive solution of the heat equation (9.65).



Chapter 10
General Quasilinear Schrodinger Equation

10.1 The General Quasilinear Schrodinger Equation

In this chapter we shall study the local solvability of the IVP associated to the gen-
eral quasilinear Schrédinger equation
O = iaji(x,t,u,@,Vu, Vi) 8)%xku

erjk(x,t, u, i, Vi, Vxli) 22 i

)ijk

—
+bl (x,t7u,ﬁ,qu7Vx12)-qu (101)

+ l?z(x,t,u,ﬁ, Vaou, Vi) - Vi
u(x,0) = up(x)

(using summation convention).

One may think of this equation as a nonlinear Schrodinger equation, where the
operator modeling the dispersion relation is nonisotropic and depends also on the
unknown function, its conjugate, and its space gradient.

Equations of this form arise in several fields of physics (plasma, fluids, classical
and quantum ferromagnetic, laser theory, etc.)

A well-studied model is

O = idu— 2iul (|u|?) Ah(|u)?) + iug(|ul?), (10.2)

where i and g are given functions, n > 1. When n = 1,2, 3, de Bouard, Hayashi, and
Saut [BHS] proved local well-posedness of the associated IVP in H®(R"), for small
data. This was extended by Colin [Cl] to data of arbitrary size in H*(R"), s > s(n)
for all n.

Problems of this type also arise in Kéhler geometry, where the “Schrédinger
flow” is defined as follows:

F. Linares, G. Ponce, Introduction to Nonlinear Dispersive Equations, 211
DOI 10.1007/978-0-387-84899-0_10,
© Springer Science+Business Media LLC 2009
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Let (M, g) be a Riemannian manifold and (N, J, ) be a complete Kihler manifold
with complex structure J and Kéhler metric /. Then given

uy: M— N (10.3)
one seeks for
u:Mx|[0,T]—N (10.4)
such that
du=J(u(x,1)) - t(u(x,t)), (10.5)
u(x,0) = uo(x),
where 7(u) the tension field of u is given in local coordinates by
7% (u) = Agu® + ij“(u)M% (10.6)
e g Br 8xj ka ’ ’

where Fﬁ"; represents the Christoffel symbol for the target manifold N. These sys-
tems have been studied in [DW], [CSU], [MG], [NSU], [NSVZ], among others. For
the minimal regularity problem, i.e., to determinate the minimal Sobolev index that
guaranties (local or global) well-posedness see [IK2], [BIK] and references therein

Before considering nonlinear models it is convenient to study the IVP for the
linear equation involving first order terms. More precisely, we review the results
mentioned at the end of Chapter 4. This will be helpful in understanding the hy-
potheses and the arguments of proof of the nonlinear result to be discussed later in
this chapter.

Consider the linear IVP,
8;:iAu—i—Z)(x)-Vu—i—d(x)u—i—f(x,t), (10.7)
u(x,0) = up(x) € L2(R"), '
N

x€R" t € R, with A = dy;(aj(x)dy,) a second order elliptic operator, b =
(b1,...,by), bj : R C, j=1,2,...,n, and f € C(R : L*(R")). To simplify the
exposition assume b; € Ci’(R") and f = 0. Concerning the L?-local well-posedness
of (10.7) one has:

@) if b = b(x) is a real-valued function the result follows by integrating by parts.

() ifn>1,aj(x) =0y, ie, A=A and b; = icy, ¢y € R for some j, then
problem (10.7) is ill-posed.

(iii) ifn=1and A = 9?2, define v = ¢ u, with ¢ real-valued to be determined (¢
and 1/¢ bounded) so

dhv=1id>v+ i(2a;¢ —|—fmb(x)) Oy + Heb(x) v (108)

+ terms of order zero in v.
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(iv)

)

Then to eliminate the term that cannot be handled by integration by parts one
takes

o (x) :—% / Imb(s)ds. (10.9)
0

In [Tal] Takeuchi proved in case, n = 1 and A = 9?2, and general b(-) in (10.7),
that the condition

I
sup ‘/ Im b(s)ds‘ < oo
leR o

is sufficient for the Lz—well-posedness of (10.7).
If n > 2, and A = A one can reapply the argument above to find ¢ = ¢(x, &),
& € S"!, which should solve the equation

2%¢+Jm7(x):o. (10.10)

Hence if y =1n¢

o~ ~
285;1 =—Sm b (x)-&, forall £ €S" 1.

Thus
1 0
/.L(x,é):—i/fmy(ersé)-éds, Ees, (10.11)

and .
~ -1 fm?()ﬁrsg)-gds ~
o(x,&)=e = , Eesl (10.12)

In [Mz] Mizohata showed that in this n > 1, A = A, the condition

l
sup sup /fmbj(x—i-sg)ds < oo (10.13)
£ cqn—1 xeR?
g8 igR 0
is necessary for the L2-local well-posedness (10.7). Notice that (10.11) is an

—

integrability condition on the coefficients b = (by,...,b,) of the first order
term along the bicharacteristics.

Consider now n > 1 and A = 9y, (ax(x) dy,*) a general elliptic operator (see
(3.23)). In this case we apply an invertible pseudo-differential operator C with
real symbol ¢(x, &) to the equation in (10.7) to get
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0,C = iACu+i[C;Alu+iC(Im y(x) -Vu) —l—%e?(x)VCu (10.14)

+ terms of order zero inu and Cu.
To cancel the bad first order term one solves the equation
—
i[C;A]+iC(SFm b (x)-V)=0 (10.15)
up to operators of order zero. So using their symbols one has
— —
{e(x,8)sa(x,8)} +c(x,6)Im b (x)- & = —Ha(c) +c(x,§) Im b (x) -G =0,

i.e. (see Lemma 3.1),

d -
%c(x(s,x,éj),a(&x,é)) =

(X (5,%,8),E(5,,E)) Im b (X (5,%,E)) - E(s5,x,E).
(10.16)

Therefore

0 —>
f 6))-E(sx.8)ds
c(x,g)=e=

where s — (X(s,x,§)),&
the symbol of A (see (3.26

b

)=
(5,x,&)) is the bicharacteristic flow associated to
0)

)-

In [I] Ichinose extended the Mizohata condition (10.13) to the case of ellip-
tic variable coefficients deducing that

/fmb (5,,) - Zj(s,x,E)ds| < oo (10.17)

sup sup
568" IXER”

is a necessary condition for the L?-well-posedness of (10.7).

Notice that the notion of nontrapping for the bicharacteristic flow associated
to the symbol of A is essential for (10.17) even for b; € Ci (R"). Also asymp-
totic flatness conditions in the coefficients aj(x) (see for instance (4.56))
guarantee an appropriate behavior at infinity of the bicharacteristic flow.

Returning to the nonlinear problem consider the case of the Schrodinger equa-
tion, with the constant coefficients semilinear case, i.e.,

du=iAu—+ f(u,i,Viu,Viii), x e R (10.18)

If f is smooth, integration by parts yields the estimate

‘ Z /8“ Flu,a,Vou,Vieid)0%udx| < c(1+ ||uH )||u||32, (10.19)

|a<sRn
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for any u € H*"'(R"), s > n/2+1, and p = p(f) € Z™; then energy estimates lead
to the desired local well-posedness.

Another technique used to overcome the “loss of derivatives” introduced by the
nonlinearity f in (10.18) involving V,u relies on an analytic function approach (see
[H5]).

Local well-posedness for small data and general smooth function f : C*"*2 — C
was established by Kenig, Ponce, and Vega [KPV3]. In [KPV3] the authors consider
the integral equation associated to (10.18)

13
u(t) = eug + / 1A £, 0,V u, Vi) (¢') di’ (10.20)
0

and use the inhomogeneous version of the local smoothing effect (see (4.26)) of the
group {e"A}2 . ie.,

t

HVX/ OV A | 120wy < €8l 1200 x 0,711 (10.21)
0

(where the {Q¢ } ¢ is the family of unit cubes with disjoint interiors such that UQ, =
o

R™), to overcome the “loss of derivatives” introduced by the nonlinearity f(-) in
(10.18), which depends up to first order derivatives of the unknown. Briefly, one
needs to estimate u in the £5(L?(Qq x [0, T]))-norm, which cannot be made “small”
by taking 7' — 0, so it is here where the conditions on the size of the data appear.

The smallness assumption on the data was removed by Hayashi and Ozawa [HO]
in the one-dimensional case (n = 1). To do so they introduced a change of variables.
To illustrate their argument let us consider the equation

Ot = 0% U+ udeu + uoki. (10.22)

When performing standard energy estimates one sees that the “bad” term in
(10.22) is udyu, i.e., the one involving dyu. This term cannot be handled by inte-
gration by parts except when it has a real coefficient, for instance, |u|* d,u. Hence
the idea is to eliminate it. First take derivatives of (10.22) up to order 3, and use the
notation d{u = u j+1 to rewrite equation (10.22) as the system

du; = i8xzu1 +uyuy +uyitr,

8,u2 = i&fug + up up +uy uz +upiiy +uy s,

8,u3 = iaxzu3 + 3upus + uy ug + uzity + 2up itz + uy iy,
Oy = i8xzu4+ w1 Oty + uy Oyiig + Q(uy, iy, ... g, iis).

(10.23)

The first three equations in (10.23) are semilinear as well as the term Q(+) in the
fourth one. One then considers “u4 ¢ instead of “u3” with ¢ to be determined.
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So we substitute uy by ¢ ! (us ¢) except in the main part of the fourth equation,
ie.,
Oty = 102Uy + uy gty + uy Aty (10.24)

Here multiplying by ¢ we rewrite (10.24) as
8,(u4 (b) — u43t¢ = i&f(u4 (P) —2iduy 8x¢ —iuy 8,3(1) +u ¢ Oty

1 o 1 (10.25)
9 Qw1 0(usd)+Pui(usd)oxg .
We now choose ¢ to eliminate the terms involving oy uy, i.€.,
—2i0xtty OO +uy ¢ dyug =0 or —2idc® +u; ¢ =0, (10.26)
that is,
. X
o(x,1) zexp(—%/ul(e,t)cw). (10.27)

0

In the new variables (u1,up,us,us @) for the system (10.23) the standard energy
estimates can be performed to obtain the desired local existence and uniqueness
result.

Later Chihara [Ch2] removed the smallness assumption on the data in any di-
mension. The change of variables used in [HO] in higher dimensions leads to an
“exotic” class of pseudodifferential operators (y.d.o.) studied by Craig, Kappeler,
and Strauss [CKS].

Consider the symbol in (10.11), i.e.,

w(x é):—l/oﬂm?(x—l—sé)-gds (10.28)
=) I '

with & € R", and = (b1,...,by), bj € C5(R"). One has that for |§| > 1
0L u(x.8)| < cap @ E P vape@y,  (1029)

where (x)2 =1+ |x|?.

Roughly speaking, the function space for the local well-posedness was H*(R"),
s > s(n) in the case where f is at least cubic, and where it was H*(R") N L?(|x|" dx),
s > s(n) when f is just quadratic. This is a clear necessary condition in the light of
the integrability (10.12).

In [KPV3] Kenig, Ponce, and Vega showed that this local result can be proved
by a Picard iteration so the mapping data-solution, i — u, is not only continuous,
but in fact analytic. A crucial step in this proof was to establish a “local smoothing”
effect (see (4.19)) for solutions of (10.18), i.e., if uy € H*0(R"), then
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’ 1
// e |J0 2y (x,1)|? dxdt < oo, (10.30)
0

where (x)2 = (1+ |x|?)'/? and J* = (I — A)*/? is the operator with symbol (&)*.
This might seem like a technical device but Molinet, Saut, and Tzvetkov [MST3]
showed that for the IVP
O = idu+udu,

u(x,0) = o (x) (10.31)

the map data-solution, ug — u, cannot be C? at ug = 0 for ug in any Sobolev space
H*(R). Hence, in order to use Picard iteration, the weights are needed.

Returning to our IVP (10.1) we have that in the one-dimensional case (n = 1)
Poppenberg [Pp] established local well-posedness for coefficients independent of
(x,1) under the following conditions:

Ellipticity. a(-) is real-valued and for |(z1,22,23,24)| < R, there exists A (R) > 0 such
that
a(z1,22,23,24) = b(21,22,23,24)[ = A(R). (10.32)

Degree of nonlinearity.
{8za(0,0,0,0) =9,5(0,0,0,0) =0, (10.33)

by, by vanishing quadratically at (0,0,0,0).

Poppenberg showed local well-posedness in H*(R) = Q()HS(R)' His proof is based
5=

on the Nash—Moser techniques .

In [LmPo] Lim and Ponce showed, in the (x,7)-dependent setting, that un-
der Poppenberg’s hypotheses one has local well-posedness in H*(R), s > so, so
large enough, and if by,b, vanish linearly at (0,0,0,0) and d,a(0,0,0,0) # 0 or
9.5 (0,0,0,0) # 0 in the weighted space H*(R) N L?(|x|™ dx).

To clarify the elliptic condition notice that when b = 0, this is the usual condi-
tion and in general, it says that 2« “dominates” d2i. This is certainly needed, as
Exercise 4.10 shows.

Moreover, if the nontrapping condition fails dramatically, i.e., all orbits are peri-
odic, ill-posedness in semilinear problems occurs, as Chihara [Ch3] has shown. He
proved that for the IVP

(10.34)

{a,u — iAu+div (G (u)),
u(x,0) = up(x),

xe€T", t €[0,T], where G = (G1,...,G,) #0, G; holomorphic, is ill-posed on any
Sobolev space H*(T").
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Now we turn to the positive results in [KPV10] concerning the local well-
posedness of the IVP (10.1). To simplify the exposition we shall consider only the
case bj; = 0.

We shall assume the following:

(H1) Ellipticity. Given M > 0 there exists ;> 0 such that
(ajp(x,t,7)EE) >y VEER, forall 7 € C*2 (10.35)

with | 7’| < M.
(H2) Asymptotic flatness. There exists ¢ > 0 such that for any (x,7) € R" xR
— — c
|0y aji(x,t, 0)|+02,, aj(x,t, 0 )] < wr (10.36)
where [ =0,1,...,n,r=1,...,n with dy, = ;.
(H3)  Growth of the first order coefficients. There exist c¢,c; > 0 such that for any
xeR"and (x,7) e R" xR

— — c1 — — c
|bm()€,07 O)|§W7 |3,bm(x,0, 0)|§W, m:1,2 (1037)
(H4)  Regularity. For any N € N and M > 0 the coefficients a j, b—f, z,cl,cz are

mn
CY (R xR x (|| < M)).

(H5)  Nontrapping condition. The data uy € H*(R"), s > n/2+2, are such that the
Hamiltonian flow Hj,,,) associated to the symbol

]’l(uo) = huo (x, 5) = —ajk (x, 0, ug, itg, Vuy, Vﬁo)éj (ﬁk. (10.38)
is nontrapping.
The main result in this chapter is the following theorem.

Theorem 10.1. Under the hypotheses (HI) — (H4) there exists N = N(n) € Z" such
that for any uy € H*(R") with

()20%uy € LARY),  |al <si,
and
feLl'(R:H*R") and (x)20%f e LY(R:L*(R"), |a|<si,

where s, 51 € Z with s1 > n/2+7, s = max{s; +4,N +n+ 3} and uy satisfying
the hypothesis (H5). There exists Ty > 0 depending only on
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luollsa+ X Ilx 9“u0\lz+/\|f Meadt+ ¥ /|| 208 £ (1) |ade =

laf<s o <s1 oo

(10.39)
so that the IVP (10.1) is locally well-posed in [0, Ty) with the solution
ueC([0,To] : H(R™)), (x)?9%ucC([0,Ty]: L*(R"))
Jor |lal <sj.
Remark 10.1.

@) When n = 1, the ellipticity hypothesis (H1) implies the nontrapping one (HS).
(i)  One can also prove that the solution possesses the “local smoothing” effect

P2 e PR % [0,T)] : (x) % dxdr).

(iii) In the above statements (x) can be replaced by (x)! €, £ > 0.

(iv)  Koch and Tataru [KTal] have noticed that the map data-solution, uy — u, is
not C2, hence the result in Theorem 10.1 cannot be established by using only
Picard iteration.

(v)  The proof of this theorem is based in the so called “artificial viscosity
method,” about which we commented in Chapter 9 (Section 9.4).

(vi)  The proof sketched below only uses classical pseudodifferential operators.

To apply the “artificial viscosity method” we first consider the IVP

ou = 78A2u+za]k(x t)9? u+b_>1(x,t)-Vu+l72(x,t).Vﬁ

X X
+er(x,u+ca(x, )i+ f(x,t), (10.40)
u(x,O) = MO(X)

under the following assumptions:

(H;1)  Ellipticity. A(x,t) = (a jk(x,t))'; 4, 1s a real symmetric matrix and there
exists ¥ € (0,1) such that for any & € R” and (x,#) € R” X [0, )

YEP < (A(x,1) &) <y '|E (10.41)
(H;2) Asymptotic flatness. There exists ¢ > 0 such that for any (x,7) € R" x [0,00)
c
|0 aji(x,0)| + 105, aj(x.1)| < we (10.42)
withl=0,1,...,n, r=1,...,n,and dy, = 0.

(H;3)  Growth of the first order coefficients. There exists ¢ > 0 such that
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c

| Amby (x,0)| + | Ima,by (x,1)] < w2 for all (x,1) € R" x [0,0).
(10.43)
(H;4)  Regularity. The coefficients aji, by, byj, c1, ¢ are in Cév (R" x [0,00)) with
E) = (bn,...,bm), 1 = 1,2, for N = N(n) sufficiently large.

(H;5)  Nontrapping condition. Let Ag(x) =A(x,0)= (a Ik(x,O)) ,
' k=1

h(x,&) = —a(x,0)&;&k, (10.44)

and Hj, be the corresponding Hamiltonian flow. Then H}, is nontrapping.

The following a priori estimate for solutions of the linear IVP (10.40) is the key in
the proof of the nonlinear result for the IVP (10.1), Theorem 10.1.

Lemma 10.1. Under the hypotheses (H;1)—(H;5) above there exist N = N(n), co
and Ty > 0 (depending both co, Ty on the nontrapping condition (H;5) and on the
coefficients at t = 0) so that for any T € (0,Tp) and any € € (0,1) we have that the
solution of (10.40) satisfies

T
sup [lu(t)l2+( [ (o) 2|J1/2u|2dxdt>1/2
e 0 (10.45)
T
< co [l -+ ([ 21072 ) Pdadr) 2.
0
and
r —2171/2,12 12 / 2 1/2
st ||2+0/ 2P dxae gco[|uo|2+(o/|f(x,t) daxar)'?].
(10.46)

In fact the constant ¢y depends only on the nontrapping condition for A(x,&)

(H;5), on the bounds at t = 0 of (x)? b_;(x7 0), j = 1,2, and on size estimates for the
coefficients and their derivatives at + = 0. Thus, in the nonlinear case ¢y depends
only on the data uy. Assuming the result in Lemma 10.1 we shall prove Theorem
10.1.

We introduce the notations (v = v(x,?), u = u(x,t)) for

LW)u=iaj(x,t,v,v,Vv,V¥) a)?xk

+ b_f(x,t,v, v, Vv, Vi) - Vu+ b2 (x,2,v,7,Vv,V¥) - Vi (10.47)
+c1(x, v, V) u+ca(x,t,v,0) i,
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Xray = {v: R x[0,7] = C |v € C([0,T]: H*(R")),

(10.48)
(x)?afv e C((0,T]: L (R"), & <s1, v(x,0) = MO(X)},
with the norm
Ivllz = sup [v(0)lls2+ Y, supllx)?a2v(r)]2 < Mo. (10.49)
[O«T] ‘(Xlgsl [OsT]
For u € Xt p, we study the linear IVP
=—gA? 1
o eA v+ ZL(u)v+ f(x,1), €€ (0,1) (10.50)
v(x,0) = uo(x),
and its integral equation version
t
v(t) = e €A% g + / e EA (P v+ £) ()l (10.51)
0

One defines the operator @ (u)(¢) as the right hand side of (10.51). Using that

et A2 e A2 1
le®Yglla<llgll  and  [[Ae ¥4 g| < sz I8l
it is easy to check that the operator @(-) is a contraction on Xz, y, with T = O(¢).
One needs standard commutator identities to estimate the weighted norms in X7 .
Thus there exists u® € Xz, y, (the fixed point of &) solution of the IVP
du=—eAu+Luu+f(x,t), €€(0,1), (1052)
u(x,0) = up(x),

on the time interval [0, T¢].

Now we will use Lemma 10.1 to extend all solutions {u®}¢c (o) to the time
interval [0, Ty] with T independent of € € (0,1), with ||u?||7, uniformly bounded.

The first step is to show that if |||u?||7r < My = 20coA (see (10.39)), the coef-
ficients of the linear equation for J*"u® = (I — A)™u®, 2m < s, and x7 J*"u with
2m < s1 (assuming s, s1 even integers) can be written so that the constants in (H; 1)—
(H;5) are uniform for all these equations in a time interval [0, f] independent of
€.

The equations for J>"u¢ are obtained by applying the operator J>" to the equation
(10.52), which can be written as
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M u = — € A2 U+ i Loy (1) u

(10.53)
+ fam(x,2, (313“)\[3\9;11—1’ (9%)\[3\9»1—1)+J2mf(x7f),

where

fgm(u)v:iajk(x,t,u,ﬁ,Vu,Vﬁ)az v

e
+bom,j (6,1, (9P u) g <am1. (0P 1) g <am—1 ) RjOx,v

+bom,j (6,1, (P 1) g <om1, (0P 1) | <am—1) RO, P (10.54)
+e1om(x, 1, (0Pu) g <2m1, (9P 1) g <am—1) Ram,1 v
+02,2m(x,f’(913“)\/3\32»1717(9ﬁﬁ)|ﬁ\32m71)R2m,2\7,

where R}, ﬁj, Rom 1, Ry are y.d.o. of order zero.
We observe that the principal part of %,,(u) is independent of m. Moreover,
the first order coefficients by, 1,j, bam 2,j depend on 2m as a multiplicative constant,
— =

and on the original coefficients a i, b, by and their first derivatives and they verify
the asymptotic flatness assumptions (H; 2). The term f5,,(+) involves derivatives that
have been previously estimated in L"T"L)ZC, and so putting it on the right hand side in
the LITL)ZC-norm they appear with a factor 7 in front.

Similar remarks hold for the equation for xlzJ 2y after using some simple com-
mutator identities.

Collecting this information we can also show that there exists a Q(-) increasing
function such that, for any @ € X7y, with T > 0 solution of the IVP (10.52),

sup Y 102029, w]2 < Q(Mo) (10.55)
[OvT] ‘O{‘SS174

holds.
All these facts will allow us to apply Lemma 10.1 to get the a priori estimate

lluflll < co(A +TR(Mo)) < Mo/4 (10.56)

for T small, but uniform in &, where R(-) is a fixed increasing function. Thus, we
can reapply the local existence theorem (originally on [0,T¢]) to extend the local
solution u® to the time interval [0, '], with

|||ue||| <My =20coA. (10.57)

Once (10.57) has been established we consider the equation for the difference
uE—uf, £>¢' >0,and reapply the argument to obtain the existence as € — 0 and
the uniqueness of the solution. The continuous dependence is a bit more complicated
and it is based on Bona—Smith regularization argument [BS].

Now we turn our attention to the proof of Lemma 10.1. One of the main ingredi-
ents in the proof is the following lemma due to Doi [Dol].
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Lemma 10.2 (Doi). Assume that h in (10.38) verifies the assumptions (H;5) (non-
trapping), (H;4) (regularity) and (H;2) (asymptotic flatness). Then there exists a
real-valued Oth order classical symbol p € SO (see (3.16)) whose seminorm is
bounded in terms of the “nontrapping character” of h, the ellipticity constant Y in
(H; 1), and the bound for the smoothness norm att =0, c1, and a constant 3 € (0,1)
(with the same dependence) such that

Hyp = {h, p}Zﬁny—; (10.58)

forall (x,§) e R" xR.

Remark 10.2. The seminorm bounds for the symbol p and the constant  above are
the quantitative way in which the “nontrapping” character of / enters into the proof.

We recall that
Hyp = {h, p} = 0g;hx;p— x;h0g,p. (10.59)

Observe that, if / is only “approximately nontrapping” and we use the p corre-
sponding to H,, for H; we get a lower bound of Hj, p by B|&|/2(x)? —2/B.
To apply Doi’s lemma we need the sharp Garding inequality (see [Ho2]).

Lemma 10.3 (Sharp Garding’s inequality). Let g € S' be a classical symbol of
order 1 such that %eq(x,E) > 0 for |&| > R then there exist jo = jo(n) and ¢ =
¢(n,R) such that

T (Tof . f) > ~cllall 5 111 (10.60)
where ', denotes the y.d.o. with symbol g, i.e.,

2,100 = [ @q(x.8)7(8) dE. (10.61)

Assuming Lemmas 10.2 and 10.3 we shall divide the proof of Lemma 10.1 into
several steps.

Step 1. Write the equation in (10.40) as a system. Using

w=(). 7-() ()

one has the system

<

HW = —eAW + (iH+B+C) W+ f,
W>()670) = W()(x),

where
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(£ 0 _(c1c2
H= (0 _$>, C= <52 61>’ (10.62)
bV bV
p— 21V V) (B“ BlZ), (10.63)
by -V by -V By By

and .Z = ia i (x,1)0?

XjXp*

Step 2. Diagonalization of the first order terms. (To simplify the exposition take
e=0).

Notice that . is elliptic, with ellipticity constant y/2 for ¢t € [0,7T] for T suffi-
ciently small since

aje(x,0)&i& = aj(x,0)&;& + [ajic(x,1) — aje(x,0)]&;& > YIE[* — cTIEF (10.64)

(by using the bound of d;ai(x,1) in (H; 2)).
This type of argument shall be used repeatedly.

Next we write
o _ (B O 0 B2
B = Bdlag +Bami = ( 0 Bzz) + <321 0 ) . (10.65)
Our goal is to eliminate B,;;. To do this we set

g . i 0 S
A=I1-S, with S_<S21 0)

where S1»,521 are y.d.o. of order —1 to be determined.
We want to write the system in the new variable

T =AW (10.66)

for an appropriate choice of S, so that B,,;; is eliminated.

We will use that S is a matrix of y.d.o. of order —1, to have that A is invertible
in L? and so the estimates on Z are equivalent to the estimates on W .

We calculate

(55T )

_ Z 0 0 S n 0 S Z 0
- 0 -% S>1 0 Sy 0O 0 -%
. 0 — LS —-8Sn %
BRCAYTE N IPA 0 ’

Since
h(x,8)| = laj(x,0);&| = yIE|* for || >R (10.67)
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uniformly in 7, choosing ¢ € Ci’ (R") with @(y) = 1if [y| < 1 and @(y) =0if [y| >2
we define

h(x,1,&) = (h(x,£)) "' (1 - 9(&/R)) (10.68)
and Z = ¥, i.e., the y.d.o. of order —2 with symbol /. Notice that
LL=1+%, (10.69)

with ¢; € S~! (uniformly in ¢). Define

1 —~ 1 —~
Si2 = EiB]z.iﬂ, S = _EiBZ] <z (10.70)

(0 Spp
S = (521 ) ) (10.71)

Notice that the entries of S are y.d.o of order —1, whose SO seminorms tend to
zero as R 1 oo (see (10.68)). Thus, for R large enough A is invertible in H*((x)?dx),
H*({x)~2dx) and H*(R") with operator norm in the interval (1/2,2). Also if A~!
denotes the inverse of A, the entries of A~! are y.d.o. of order zero.

Finally, from our construction

and

L8812 Y=-B der 0
{ 12 12 12 + order 0, (10.72)

L Sr1 — 8291 = —Bp; + order 0.

‘We then observe that

ABdiag = (I - S) Bdiag = Bdiag - SBdiag
= BdiagA + Bdiag S— SBdiag (10.73)
= BdiagA + [(BdiagS - SBdiag)Ail]Ay

(notice that [-] is an operator of order zero).
Similarly
ABui = Bai A +CA, (10.74)

by (10.70), (10.71), (10.72) with C a matrix of y.d.o. of order zero.
Thus our system in 7 = AW becomes

10.75
2(50) =5 () e

{a,? =iHZ +Buiag T +C T+,
where ? :A?, Zo=AWo, H, Byiag as before with Byj = b_l)-V, By, = b_f-V
and C is a matrix of y.d.o. of order zero whose symbols have seminorm estimates
controlled by ¢ (not c1).
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Step 3. Energy estimates for a “gauged” system. We recall that % = a i (x,1) 8X it
has symbol a ji(x,1) & &, and our “nontrapping” assumption is on

h(x’é:) :ajk(xvo)éjgk- (10.76)

Let p € Y be the symbol associated to / as in Lemma 10.2 so that

Hip={hph = B~ 5.
Let
hl(x,t,é):ajk(x,t)éjék. (10.77)
So

dh dp oJh dp ‘ d .. 9P

Thus, by “asymptotic flatness,” assumption (H;2), we see that for small T

P |<§| 2
Hyp>—-—-"5—4, (10.78)
2x)?* B
for the same p. We now consider the y.d.o. of order 0, '¥,,, whose symbol is e
for an M large to be determined depending only on ¢y, and the “nontrapping char-

acter.” Notice that the seminorms of r; depend only on ¢y, and the nontrapping
character: it is elliptic. The same holds for 'P,l’l (modulo order —2 errors). Also

Mp(x,t)

2
Hy, ri =M(Hy, p)ri > {Ml;@g/[}rl (10.79)

and that modulo Oth order operators the symbol of i{ LY, — ¥, £} = Hy, r1, for
each f.
We also consider ¥, whose symbol is e Mp(x8) 5o that symbolwise we have

. 2M
{2, =W, L} = Hyro = —M(Hy, p)rs < — { EE——}Q

20 B
o (50

and obtain a new system for o, in which for M chosen appropriately we will be
able to perform energy estimates. For simplicity let

Now we define
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(%, 0
“"(0 ‘P)

We want to obtain the system for o .

Y L LY, 0
0 LY, W, L

WY, r, O
= ! Oth order.
( 0 lPthr2> +

i{'PH—H'P}zi(

Recalling that —Hj, vy = —M (Hy, p)r1, Hy, r» = —M(Hy, p) r2, and using that

_lIIHh r 0 _MlIth P 0 . 0
1 — 1 r
( 0 'PthQ) < 0 B Mq,thp 0w, + Oth order

we get

—M¥ 0
i{YH—-HY} = ( OH"‘p M, p) ¥ + Oth order.
hy
Next
W Bigy = (B(;l Boz) ¥ + Oth order
and

e =(PCcy Hy.

Thus the system for o is:
¥ 0
atE:iHa’+Bdiaga>—M< Hny >E’+Ca’+?,
p
ﬁ(x,O) = OT()(X),
where o = P75 and F = ¥g. It suffices to find M (see definition of ¥, ) depend-

ing only on ¢ and the nontrapping character, so that we can estimate o. To do this
we consider

<avﬁ>:/alﬁl+0&52

and calculate
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+{CE, @)+ (d,Ca)+(F, &)+ (d,F)

—i[(Ha, @) - <a’,Ha>>} +2%e (Buiag @, 00)

0
—2M%R << iy >E,a>+z%e<cﬁ,a>>+z%e<?,a>
lIII‘I/”]J
‘We recall that P
0
n=(5 %)
with

& =ap(x,t)0} Oy, (aje(x,1)0y,) — Ox;a(x,1)0y, = Lo — b-;(x,t) V.

kT

where

—
(% 0 L (i) V0
HO_(O go)y Bdiag_( 0 —ib_;(x’[).v .

Note that our asymptotic flatness assumption implies that

~ By, 0O

where the symbols of B ij» 1 = 1,2 satisfy

1908 j(x,1, )| < <'5>'2

and

Bii(x,0.)| i lop.

As a consequence, for ¢ small (depending on ¢) we have that
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By <2055,
and
% (@) = i@ T~ (@ )|

o - = lPH;,lp 0 —
+%e<Bdiaga,a)—2M%e<< 0 ,{,thp o,
2% (CO,0) +2%e (F, ).

Now it is easy to see that

(Hyd, d)— (o ,Hyol) = 0.

For the next two terms in (10.80) we get
He <§11061,061> —-M

We recall that |§ |

and
B |
2

We now choose M so large such that
Mthp igll('x7t7€) Sﬁ_ﬁ Wa

then the sharp Garding inequality (Lemma 10.3) gives

('}’th oq,0p) + similar terms in 0.

229

(10.80)

e <§110€],(X|> — M He <‘PHh1p061,061> < C||O£] H%— <!PB(<§)/(X>ZO‘1’O‘I>'

Using that
1

with eg of order 0,
'PE@ _ EJ1/2]1/27

and
L opppp_pp J1/2+.},|’

(x)? (x)?

with e} of order 0, we see that
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‘J1/2
(¥ (6) /2 01 ) = /7()6 1)dx+O0([[au]]2).
So we pick # € [0,T] such that
— 1 2
1% (t0)3> 5 s ]lla()Hp

0.7

to get that

Jl/2
sup||a ||2+ﬁ//| xtdxdt<2/ (0, @) dr +2)| a2

_
Sc/ ||6||%dr+2/ I el e+ 21113
0 0

-
<CT[SOup el (1 )II%+2[SOU% I\W(t)llﬁ/||F||dt+2H075||§,
’ 0

which, upon choosing CT < 1/2 yields the desired estimate (10.46).

10.2 Comments

The main result in this chapter, Theorem 10.1, was proved in [KPV10]. As it was
seen the proof is based on the artificial viscosity method (it cannot be established
by a solely Picard argument; see [KT]) and uses only classical pseudodifferential
operators. In this regard the ellipticity assumption is crucial.

It was displayed in Chapter 9 that dispersive models of the form

Ou=1i(d7 +---+097 =7 —-+— g Yu+ f(u, i, Vou, Vi) (10.81)
arise in the physical (for instance, wave propagation) and in the mathematical con-
text (for example, IST).

In [KPV14] local well-posedness of the IVP associated to the equation (10.81)
was obtained. The method of proof, among other arguments, employs pseudo-
differential operators in the Calderén—Vaillancourt class. This approach does not
seem to apply to the variable coefficient class

O =iy (@i (x)0y;u) + (b1 (x)- V)u+ (b2 (x)- V)it

(10.82)
+ C1 (X)M + C2(x)”+f(”7ﬁvvxu7vxﬁ)a

where (ax(x)) is a symmetric nondegenerate (invertible) matrix.



10.3 Exercises 231

The local well-posedness of the IVP associated to the equation in (10.82) was
studied in the massive work [KPRV1]. For that purpose a new class of pseudo-
differential operators was introduced, which takes into consideration the “geometry”
of the nonelliptic operator. Under asymptotic flatness hypothesis of the coefficient
a jk(x), byj, byj, k,j=1,...,n, and nontrapping assumptions of the bicharacteristic
flow associated to the symbol aji(x)&i&; it was proved in [KPV14] that the IVP
for (10.82) is locally well-posed in weighted Sobolev spaces H*(R") N L*(|x|* dx)
for large enough values of s,k € Z* (s > k). The results in [KPRV1] were ex-
tended in [KPRV2] to the case where the coefficients ai(-), by;(-), b2;(-) depend
on (x,t,u,i,Vyu,Vyi), k,j=1,...,n, and ¢(-), c2(-) on (x,#,u,i).

10.3 Exercises

10.1. Fill out the details of the results discussed in (i)—(v) regarding the IVP (10.7)

10.2. Prove that f = f(u,it, Vi), n > 1, and f = o;(|u|*u), n = 1, satisfy the in-
equality (10.19).

10.3. Assuming that f(u, i, Vu, Vii) satisfies the inequality (10.19), sketch a local
existence proof for the IVP

{8,u:i£Au+f(u7ﬁaV“aVﬁ)v (10.83)

u(x,0) =up(x) € H*(R"), s>n/2+1,

for € > 0. This shows that under the hypothesis (10.19) the dispersion is not needed
for a local theory.

10.4.

(i)  Prove that the symbol in (10.28) for |&| > 1 satisfies the estimate (10.29).
(ii) Prove that in addition, for || > 1 one has

I(Xjaxj)yaxaafﬂ(x,é)\ <capyWIEITPL yezt, a,pe @ty
(10.84)
where (x) = (14 [x|?)"/2.
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Appendix

Proof of Theorem 2.8

As it was mentioned after the statement of Theorem 2.8 it suffices to show that the
operator T;, is of weak type (1,1), that is, there exists ¢; > O such that for every
feL'(R)
sup & |[{x €R" : [T f(x)] > | < e1 [ Il (A1)
a>0
To establish (A.1) we need the Calderén—Zygmund decomposition of L'-func-
tions.

Lemma A.1 (Calderén-Zygmund lemma). Let f € L'(R"). For any o > 0, f can
be decomposed as

=

f=g+b=g+Yb; (A.2)
j=1
such that
lg(x)| <2"a ae xeR", (A3)
b; is supported in a cube Q;, with /bj dx=0, (A4)
Qj
the Q; have disjoint interior, Z 10l <a Ifll1, (A.5)
j=1
and
gl + Y 1l < 611f1]1- (A.6)
j=1

233
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Proof. Assume f > 0 (otherwise f = f* — f~ and decompose each part). Since
f € L'(R") there exists / such that |Q|~! [ fdy < a for any cube of side length /.
Q

Divide R”" into a mesh of cubes of side length [ parallel to the axes. Let Q° be
one of them. Divide each side of Q” in two to get 2" cubes of side length /2. Let
Q' be such a cube there are two possibilities:

()

1 1
— [ fdy<a or b)) — [ fdy>a.
IQ‘IQ/1 |Q1|Q/1

In case (b) one stops the subdivision, noticing that

1 2"
< — [ fray< = [ ray<2a, A7
“—|Q1|Q/1fy—|Q°|Q{fy— * A7

and collecting it in a sequence Q;.
In case (a) the subdivision process continues. Thus, if x ¢ |JQ ; it follows from
j

the Lebesgue differentiation theorem (Exercise 2.6 (ii)) that

o) <a ae. xeR"\UQ;. (A.8)
J
Finally, we define

i/fdy it xeQ;,
[
Qj

g(x) = (A.9)
f(x) if x¢Qj,
and
bj(x) = (f(x) —8(x))xg,(x), JEZL, (A.10)
which yields the result. O

We shall denote by Q}‘- the cube having the same center as Q; and twice its side
length as
Q=U0; and Q" =UQ; (A.11)
J J

with
Q7| <} [0jl=2"} |0l (A.12)
J J

Proof of inequality (A.1). First we notice that using Calderén—Zygmund Lemma
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{x €R" ¢ [T f(x)] > a}
<HxeR" @ |Tg(x)| > o/2} + [{x e R" : |T,b(x)| > a/2}]|

(A.13)
SHxeR ¢ |Tug(x)| > a/2} + {x ¢ Q" ¢ |[Tb(x)| > a}| +|Q7
=FE|+E)+E;.
From (A.12) and (A.5) in Calder6n—Zygmung Lemma we have that
Es =@ <2"}Y |0 <2"a | flh. (A.14)
J

Tchebychev’s inequality and (A.3) in the Calderén—Zygmund lemma yield

T, 2 2
E =|{xeR": |ng(x)|>a/2}|§c(” ;/5’2'2) Sc“i!z s

C [ C
<= o < — < — .
< allslhliglle < —llglh < - l1fl
Hence it remains to prove that
Ey=|{x¢ Q" : |T,,b(x)| > a/2}| < ca ' |f|. (A.16)
It will suffice to show that

[ 11abildx < clivslh. jez*. (A17)
*80!

To establish (A.17) we follow the argument in [Sg].

Let o € Cy({&: |€] <2}) such that ¢(&) =1 for |§| < 1. Let B(§) = @(§) —
©(2&). Thus

i BR27l&)=1  for £#0. (A.18)

|=—o0

If my(€) = B(E)m(2'&), then by hypothesis (2.18) it follows that
J10-2yPm(@)Pde <. (A19)
Thus by Plancherel’s identity using the notation K;(x) = m;(x), one gets that
/(1 +x*)|K; (%) |2 dx < ¢, (A.20)
which combined with the Cauchy—Schwarz inequality yields the estimate

|K;(x)|dx < cR"/>7, (A21)

{x: max [xm|>R}



236 A Appendix

which is a good estimate for R >> 1.
Reapplying the estimates (A.19)—(A.20) for & m; (&) instead of ny;(&) one finds
that

/|VK; (x)|dx < c. (A.22)

Consequently, it follows that
/|Kl(x+y)—K1(x)|dx<c|y|. (A.23)

We observe that as a temperate distribution,
K(x) = Z 2" K, (2'x) Z iy (271) (A.24)
|=—oo |=—oo

Assume that Q; is a cube of side R centered at the origin. From (A.21) one has
that

/ \anKl(Zl.)*bj|dx§/ / |2anl(21(x*y))Hbj(y)|dxdy
0] Q) x¢Q;
<|lb;lh / 1K ()| dx (A.25)
{x: n}gx |xm‘221R}
C(le)n/Zfs ”ijl
Now using that [ b;dy = 0 it follows that

Qj

[ 2" [ K@ )b dyx

x%Q*' yeQ}

- / 2! / Ki(2!(x=)) ~ Ki(2'x) ) b;(3) dyd.

X¢Q* )er

(A.26)

Therefore, (A.23) yields
/ 12" K (2"E-) % b | dx
x¢ Q3

< [ [ 2KE e K@D b0)ddy A2
yeQ;x¢ Q3

<c(2'R)|Ibj1-

Adding in [ in (A.25) for 2'R > 1 and in (A.27) for 2'R < 1 one gets that
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[ 152501 < b 1. (A28)
x40

which completes the proof. O
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